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In this paper we construct new parafermion theories, generalizing the Z,; parafermion
theory from integer L to rational L. These non-unitary parafermion theories (which are also
defined as SL(2,R)./U(1)) have some novel features: an infinite number of currents with
negative conformal dimensions for most (if not all) of them. We construct the string functions of
these new parafermion theories. Generalizing Felder’s BRST cohomology approach we con-
struct from the string functions the branching functions of the SU(2), X SU(2),/SU(2)y ., coset
theories, where both K, L are rational. New N = 2 superconformal field theories and topological
field theories are also constructed. Their characters are obtained in terms of the new string
functions.

1. Introduction and summary

Conformal field theories (CFTs) have been studied for their possible applica-
tions to string compactifications, two-dimensional critical phenomena, integrable
systems and matrix models. Except for string theory, unitarity of CFTs is in general
not necessary. For example, in integrable field theories, the physical states are
neither primary fields nor their descendents of the corresponding CFTs; thus,
unitarity of the CFT is not necessary for the unitarity of integrable systems. In fact,
non-unitary CFTs may have more applications than unitary CFTs. In this paper,
we construct new rational CFTs that are generically non-unitary.

The classification of rational CFTs is far from complete. The best known
example is the BPZ series M, , with c=1-6(p — p')?/pp' [11. 1t is useful to
identify M, ,, with coset CFTs constructed from SU(2) Wess—Zumino-Witten
(WZW) models [2]. Consider the coset

SU(2) ¢ ® SU(2) .
SU(2) g+

COSET[K,L] = (1.1)

Goddard, Kent and Olive (GKO) [3] showed that M, , = COSETI[l, L] with
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L+2=p/(p' —p) where p, p' are coprime. When L is integer (p' — p = 1), they
correspond to the unitary series with ¢ < 1 [4]. Generalization of this construction
to K, L both positive integers have been studied in the literature. It was pointed
out by several groups [5] that the above COSET[ KX, L] has an extended Virasoro
symmetry. We can first consider the coset SU(2),/U(1) which is simply the Z,
parafermion (PF) theory constructed by Fateev and Zamolodchikov [6, 7]. Then the
coset theory COSET[ K, L] can be constructed by introducing a background charge
for a free boson using the Feigin—-Fuchs (FF) construction [8]

SU(2) «
U(1)

COSET[K,L] = [ ® FFboson[c < 1]. (1.2)

Here the coset theory is analyzed under the extended chiral Virasoro algebra, the
{£® T} algebra, where a new current &%) (for K # 2) is added to the Virasoro
generator T(z). The £ current is constructed from the Z, PF theory and the
FF boson [5,9-11]. Its dimension (or spin) is (K + 4) /(K + 2). The central charge
of the boson ¢ =c(K, L) is chosen to match that of the coset theory. The K= 1,2
cases correspond to the conformal and superconformal unitary series, respectively.
For K =2, % is the supercurrent with spin 3 /2. For higher K, the spin of X
is fractional.

As noticed by several authors [12-18], it is possible to generalize the above GKO
construction by considering rational levels L. In particular, SU(2),, L rational (or
more appropriately SL(2,R), ) has been analyzed by Ka¢ and Wakimoto [13]. While
the extension from integer L to rational L is straightforward, a new issue arises.
The COSETI[ X, L] clearly has the duality property

COSET[ K, L]=COSET[L,K]. (1.3)

This implies that the COSET[ K, L] can be analyzed under the {£€'%), T} symmetry
or under the {£9), T}. For example, the tricritical Ising model = COSETI1, 2] has
a hidden superconformal algebra which can be explained by the duality
COSETI[1,2] = COSET[2,1). Since the coset theory for rational L exists, the
duality (1.3) implies that there is a {£‘%), T} chiral symmetry even for rational L.
To find this symmetry is our initial motivation.

In this paper, we generalize the Z, PF algebra from integer level L to rational
level L with L =t/u where t,u are coprime integers satisfying ¢ +2u > 2, u > 0.
Our construction exhausts all possible Z, PF algebra with admissible representa-
tion and central charge less than 2. (Z, PF theory with u <0, whose central
charge is larger than 2, has been analyzed by Lykken. See fig. 1.) This Z, PF
theory is quite novel in that there are an infinite number of parafermion currents,
most of them, if not all, having negative conformal dimensions. We also derive
their characters, so-called string functions; again there are an infinite number of
them. From the Z, PF theory, we can construct the corresponding WL current
and define the {&'“), T} chiral symmetry algebra. Next we generalize Felder’s
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BRST cohomology analysis [19-21] to construct the characters (and the branching
functions) for the COSET[L, K], where both L and K are rational, using the Z,
PF string functions constructed earlier. These CFTs are new, in either the CFT or
the GKO approach. The central charges are

3L 3K 3(K+L)
= + - , (1.4)
L+2 K+2 K+L+2

c

where L =t/u, the same as defined before, and K+ 2=p/gq with p, g coprime.
Classification of modular invariant partition functions is also derived.

As a check of the above analysis, we can consider the special cases COSETI L, 1],
L rational, which correspond to the BPZ series, i.e. COSETI[1, L] and whose
branching functions are well known [8]. The construction of branching functions
for COSET[L,1] relies on the BRST cohomology of the {&‘“), T} symmetry
algebra and the new Z, PF string functions. We illustrate this with the example
COSETI[1/2,1] in sect. 6. From eq. (1.4), it is clear that there are many coset
models with ¢ <1 but not in the BPZ series. An example COSET[1/2,1/2] with
¢ =1/5 is given in sect. 6.

Using the new Z, PF theory, new N = 2 superconformal theories can be easily
constructed. The bosonization of the new PF theories is also discussed; however,
their BRST cohomology properties remain to be clarified.

This paper is organized as follows: In sect. 2, we study new Z, PF theory as a
coset SL(2), /U(1). A brief review of SL(2), with rational L is included. The
associativity of PF algebra determines the central charge and the conformal
dimensions of the PF currents. The primary fields are introduced as well. The
string functions and their symmetry properties are given. In sect. 3, we consider the
bosonization of the parafermion theory.

In sect. 4 we apply our new PF algebra to construct N =2 superconformal
algebra (SCA). It is straightforward to construct N =2 SCA from the generalized
PF algebra using the relation

SL(2),
u(1)

(N=2)SCA = [ ® boson[ R], (1.5)

with a free boson compactified on an appropriate radius R. The new N=2
superconformal field theories (SCFT) have central charge ¢ = 3¢/(¢ + 2u). ¢t and u
have the same restrictions as before. These theories have an infinite number of
highest weight states but a finite number, u(t + 2u — 1), of chiral primary fields.
From these N=2 SCFT we can construct new topological field theories by
twisting the energy-momentum tensor. In the resulting theories, the central charge
¢ =0 and the number of physical observables is u(t + 2u — 1).
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In sect. 5 we apply Z, PF algebra to understand COSET[L, K] theories. Here
we construct the {#V, T} chiral symmetry algebra and their representations based
on the Z, PF and the FF boson. The branching functions and characters of
COSET[ L, K] can be derived by using the Z, PF string functions given in sect. 2
and the BRST cohomology method. Their symmetry properties are also given. For
the special case of K =1, we reproduce the familiar characters of the BPZ series.
This consistency check confirms the logical coherence of our approach based on
the new PF algebra. The modular invariant partition functions for the coset
theories can be easily constructed from the known results on SL(2) WZW theory
with rational level. In sect. 6 we present some examples which illustrate the
construction. In appendices, some technical details are explained.

2. Z, parafermion theory from SL(2), /U(1)

In this section, we construct the generalized Z; PF theory as a coset CFT
SL(2), /U(1) with rational level L. After deriving the generating (PF) currents and
their OPEs for the Z; PF theory, we identify the primary fields from those of
SL(2), /U(1) theory. The string functions (or the characters) for these primary
fields are derived from those of SI(2), theory first given by Ka¢ and Wakimoto
[13].

2.1. A CURRENT ALGEBRA

We start with the SI(2), WZW theory, whose chiral algebra is a direct sum of
Virasoro and A{’ Kal-Moody (KM) algebras. These affine algebras can be
expressed compactly in terms of the operator product expansion (OPE) of holo-
morphic currents

T(z)T = c/2 2 T ! 3., T+ 0(1

= (W)_(z—w)4+(z—w)2 (W)+WW +om,
Jt(z2)J™ = L ! J? O(1

(2) (w)—(z—w)2+(2—w) (w) +0(1),
13(z)Ji(w)=—_—2—J*(w)+O(1),

(z—w)

3 3 2L
J (Z)J (W) = (—Z—T)z +O(l),

T(z)J%(w) = —l—zla(w) +

(z-w) (_z—_w—)—awja*-o(l)’ a=1,3 (2.1)
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where the energy-momentum tensor T'(z) is defined in terms of the currents by

= . 3 3 Ly+ - 1J- + ——3L/2
T(2) = Lo B | P00 T) #3070 T7(2) + 37000 = 20
(22)

with the central charge ¢ = 3L /(L + 2), where L is the level of A’ affine algebra.

Ka¢ and Wakimoto [13] have worked out the highest weight representations,
called “admissible” representations, whose characters form a finite-dimensional
representation of modular group SL(2, Z). We give a brief review of these results.
Let L =t/u where ¢t and u are coprime integers (u > 0). Whenever u = 1, we will
reproduce the well-known integer level results. The “admissible” representations
of the A’ KM algebra can be expressed in terms of two integers n and k for
2u+t—220

An=[L—n+k(L+2)]Ag+[n—k(L+2)]4,,
O<sn<2u+t-2, O<k<u-1, (2.3)

where Ay and A, are the affine and finite fundamental weights, respectively. The
coefficient of A, denoted by [, can be represented by two integers (n, k)

I=(n,k)=n—-k(L+2), (2.4)

which is in general a fractional number. The dimension of this spin-/ representa-
tion with respect to the global A'" algebra is infinite. This is quite different from
the integer-level case in which the dimension is / + 1. Since each highest weight
state of the affine algebra corresponds to a primary field of the SL(2), WZW
theory with the A’ current algebra, the primary fields can be represented by
whl(2, 2). In terms of modes L, J¢, defined by

L,=@dzz"*'T(z), J;:=56dzz"1a(z), (2.5)

the primary fields satisfy -
L¥"=0, Jowll=0, forn>0,

Jrwhl=0, Lwhl=awhl  3whtl=ghl, (2.6)
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where the conformal weight A is

A 1(1+2) 57
( )—4(L+2)' 27
The anti-holomorphic sector satisfies similar relations.
For the highest weight I = (n, k), let
a=u*(L+2), b,=u(x(n+1)—k(L+2)). (2.8)
Then the character
xi(r,z)=Tr, exp{2'n-i'r[L0 —zJ§ — i%c]} (2.9)
is expressed in terms of theta functions
O, (1,2)= Y,  exp2mimr(j*—2jz)} (2.10)
JEZ+n/2m
as follows:
@b+.a(7’ z/u) - @b_,a(T’ Z/u)
x(7.z)= . (2.11)

0,(7,2) —0_, 5(7,2)

For the case of k# 0, it is obvious that the character is not well defined for
z =0 because the denominator becomes zero. If & =0, the numerator also be-
comes zero because of b, = —b_ and the final character formula with z =0 can
be well defined. Due to @-function identities, it is straightforward to show the
symmetry of the character

xi(7,2) = —x_1_o(7, —2). (2.12)

If we denote ! = (n, k), the highest weight state —! — 2 corresponds to (¢t + 2u —
2 —n,u — k). The symmetry (2.12) holds only for k # 0.

For the case of integer L (u = 1), the character (2.11) is reduced to that of Ka¢
and Peterson [27] for the integer level [23-25]. The character (2.11) has also been
derived from the BRST cohomology framework [20]. We considered only holomor-
phic chiral algebras based on SL(2), KM algebra. The combination of this with the
anti-holomorphic sector is determined by the modular invariance conditions of the
partition function

Z= ZM‘,.X,(T,Z),\—/,V(T,Z). (2.13)
NS
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The non-negative integer matrix N, , should satisfy the modular invariance condi-
tion

SN=NS, TN=NT, (2.14)

where two matrices S and T are defined by

x(—1/7)= ;SI,I'XI'(T)’ x(t+1)= ;TI.I’XI’(T)‘ (2.15)

Eq. (2.14) can determine the matrix N completely for the A{’ with integer level
[26). This celebrated ADE classification for SU(2), (K integer) partition functions
has been extended to rational level {15,16]. This extended result will be used to
find the modular invariant partition functions of SU(2) coset theories.

2.2. Z, PARAFERMION CURRENT ALGEBRA

We construct the generalized PF theory as a coset SL(2), /U(1) theory. We start
by introducing the Z, PF currents ¢ (z), ¢; (2), which are defined by the relation

J*(2) =VL¥(2) sexp|id(2) /VL ],

J=(z) =VLy{ (z) exp[—ip(2) /VL]:,

J3z) =iVL 3,¢(z2), (2.16)
where : : denotes the usual normal ordering for the bosonic field ¢, which is

normalized by the relation {($(z)¢p(w)) = —2In(z —w). Since we demand the
conformal weight of the J¢ to be 1, we can determine those of (2), ¢(z) to be

1
AW =AY =1- 1 (217)

Note that ;" (z) need not be the hermitian conjugate of ,(z) because we are
considering SL(2) for which J=(z) # (J*(z))'. Using egs. (2.1) and (2.2), one can
derive

U(2)07 (W) = (2= w) 41+ (24,/¢,)(z = w)'Ty(w) + O((z = w)’)|
(2.18)

where T,=T— T, =T+ ;(3¢)>. This implies the Z, PF theory is the coset
SL(2)_/U(1) and the central charge is ¢, = 2(L — 1)/(L + 2).
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In addition to ¢,,¢,, the Z, PF algebra needs a set of additional currents,
defined by the following OPE

U 2)p(w) = ¢; ; (2 =w) T E T Y0 (w) + O(z = w)],
U (2 (w) = ¢ (2= w) P44 gk (w) + O(z = w)], (219)

where 4; and A denote the conformal weights of ¢(z) and ¢;"(z), respectlvely

The number of the currents is in general infinite. The constants c; ;, c » and the

conformal weights A; 4 j’ are to be determined by the associativity of the Z, PF
algebra.

Let us consider the holomorphic correlation function of ¢, and ;" fields in
terms of J * and the bosonic field

(FH(z)T*(25) - T (2,) T (W)I ™ (wy) ... T~ (w,)
=<exp[i¢(zl)/\/f] ...exp[iqS(z,,)/\/f]exp[—iq&(wl)/\/lj]
X ... X exp[ —i(w,) /VL | Xi(2))¥(22) -

(2 ) (W)E (wa) - o1 (w, :))

(2.20)

The correlation function of SL(2) currents {J*(z,)...J (w,)) can be computed
from the Ward identities derived from eq. (2.1) and that of the bosonic fields.
Using this information, one can write down the Ward identities for the correlation
function of ¢, and ¢, as follows:

(i(2)¥1(22) - B (20T (W)U (W) - 4 (W)

n n
—2/L 2/L
=_I_Iz(zl_zi) / q(zl_wj)/

i= j=

n 1 2/L n n 1
X + —
§ (z,- Wk)2 (21— wy) é: W —2z, mz=:] Wi = W, 1}

m+k

n

n k-1
2/L -2/L -2/L
X TT(zg=w)" TL(w,=w) ™" TT (we=w,)™
q=2 p=1 r=k+1

x(*/’l(zz) e (z,) ¥ (wy) ---‘/’1+(Wk—1)¢1+(wk+1)---‘//1+(Wn)>- (2.21)
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These Ward identities can be used to find all PF current correlation functions
recursively.

Using the above formulae, we can fix the conformal weights and the OPEs (2.19)
completely. The results are

(L—i)  _AL-D)

Ay) =40 ) =——1—> L+2

7 (2.22)

and the extra OPE is
(D)t (w) = (2= w) 4[1+ (24,/¢)(z = w)’T,(w) + O((z - w)’)]. (2.23)

For an illustration, we compute the four-point correlation function to derive some
of the above results in appendix A. This completes the proof that the Z, PF
theory, defined by egs. (2.18), (2.19), (2.22) and (2.23), is equivalent to the coset
CFT SL(2),/U(1) and forms an associative current algebra. For integer L,
A(y,) =0 and we can decouple all the negative dimensional currents from the
theory by imposing the periodic condition 1/;1-*=¢L_j. This is not possible for
rational L. Hence the Z, (L rational) PF theory contains an infinite number of
negative dimensional currents. This new aspect is perfectly consistent in non-unitary
CFT.

2.3. PRIMARY FIELDS OF Z, PF ALGEBRA

The primary fields of the Z, PF theory can be constructed from those of SL(2),
theory. From the primary fields of SL(2),, ¥l in eq. (2.6), we define the Virasoro
primary fields

q,l.l

=) () W, 1-m=2N, I-m=2N, (224
which have the same conformal weight 4, with J3 quantum number . Since / is a
fractional number, so is m. As already explained, the range of m is not bounded
from below if the level L is a rational number. This means SL(2), CFT has an
infinite number of Virasoro primary fields. If we consider the SL(2), chiral
algebra, only a finite number of them survive as primary fields, ¥" I

To express ¥i'-(z, Z) in terms of the primary fields of Z, PF theory and U(1)
boson theory, let us consider the primary fields of the boson theory. Since J> ~ 3¢,
the U(1) primary fields must be

:exp|im¢(z) /2L +imd(2)/2VL |, (2.25)

for wh!

m, i

to have quantum number m. If we denote the Virasoro primary fields of
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Z, PF theory by &}/,

q,l,l

bl (2,2) = @) exp|ime(2) /2VL +imb(z)/2VL .. (2.26)

The conformal weight of okl is, using T, =T — T,

m,m

A(q;lJ _L—i—Z)_ m’

V= “2 0 termsl. 227
o) a(L+2) 4L orm < (2:27)

Furthermore, if we define the modes of ¢, and ¢, by

U (2)PF10,0) = Y, z7l/E*RTlY,  Bh1(0,0),

k=—o

o

¥ (2)P8(0,0) = X zZ/ErR-lar, @00, (2.28)

k=—o

from eq. (2.6), the parafermion primary fields @,’;,’ satisfy
AI/L+n®II.'IZ=AtI/L+n+l(pll,‘ll=0’ for n>0' (229)

All the results on the holomorphic sector holds equally for the anti-holomorphic
one with similar expressions.

24. Z, PF STRING FUNCTION

Let us derive the characters of the Z, PF theory, which we refer to as string
functions. Since the character is defined in the (anti-) holomorphic Hilbert space
independently, we will consider only the holomorphic sector of the primary fields.
The Hilbert space #, of SL(2), can be decomposed as follows:

XC= @ fl,m’
m

)= {10, I%,, .. T2, |1, m)}, (2.30)

with n;>0 and a= £ or 3. The highest weight state is defined by |l,m) =
w!(0)]0). Since the primary fields, ¥/(z) and their descendents can be expressed
by those of Z, PF and the bosonic theory using eq. (2.16) and (2.26), we can
decompose %, ,, into the direct product of #/}, and #:

Zl.m=‘ZIPF ®‘%nl:' (231)

sm
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To see this, let us first express a state in %),

|state) =95dz, zf”'gﬁdzz z;", ..95dz, z;"

X[Ui (2041) - U7 (2)00(2,11) - 01(2,) BL(O)]

X19¢(z)...9¢(z,) 36@%: :exp%lfzx):
X :exp ’¢(‘/zi_+n) L...1exp ‘¢\§;,) : iexp 21;1[ #(0):[l0y, (2:32)

then one notices that the factor in the first square bracket generates the PF
Hilbert space while the second one gives that of the boson. The operators d¢
generate descendents of a bosonic state and :exp +i¢p/ VL ’s make the contour
integrals well defined and change the quantum number m of bosons, m — m + 2(r
+t — 25). The null states in /#; ,, move into #7F, because #, does not have any.

m

Using eq. (2.9), the SL(2), character can be written as (I — m € 27)

i
X1(T,Z)= E Tr, ezwir[L(,—zJ(-}—c/M]

tm
m=—w

E Tr,IPF ezmr[Lg—c,,,/u] % Tr,,u e21ri'r[L‘g—zJ(}—l/24]. (2.33)

nm=—o

Notice the change of upper bound in the second sum, which originates from the
fact that the m quantum number changes due to the action of the :exp +i¢/ VL s
in both the positive and the negative directions. Let us denote the PF character or
string function by nC,’,,, after summing up the bosonic part, we get

(m? /4L —zm)

xi(m,z)= X mCh(r) X
: m={+2N 7’(7)
NedZ

, (2.34)

where 1(r) = e2™"/2[T%_,(1 — g") with g = exp(2it). Notice that eq. (2.34) can
be viewed as the SL(2), character decomposition into that of U(1) theory and that

of the PF theory. Therefore, the nC, become characters of the coset SL(2), /U(1)
CFT.
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To compute 'nC,’,l from egs. (2.11) and (2.34), we will compare the z dependence

of both sides. First, to express eq. (2.11) in power series of g?, we use the identity
[24]

_ 1 = o roa )
[0,(,2) =6_, ,(7,2)] ‘= 3 Z (-1 g2 (2.35)
r=0

to obtain the SL(2), character for [ = (n, k)

xi(7,2) =x.(7,2) —x_(7,2),

Ms

x(7,2) =

Z (_1)’q4i-zmt,

- r=0

)
L

[

with A,=a/+b,j+(b%/4a) +3r*~r(p~1)
m,=2p—1+2(t+2u)jt(n+1)—(k/u)(t+2u), (2.36)

where a and b, were defined in eq. (2.8). Comparing z-dependence of egs. (2.34)
and (2.36), one can equate m =m . and obtain string function C!, as follows:

nCi(r) = ¥ T o(~1)
0, o=t

Xexp[Zfrri'r{a —L[% + %]2}} (2.37)

To get a more familiar form, we can reduce eq. (2.37) using the identity

2

r b,
+—]+=
(p 2) 24

2p-1

Y (—1) g7l rrem Do, (2.38)
r=0

After some algebraic operations (shown in appendix B), we find

7°Ch(7)

r,p=0 r,p<0

=( y - ) )(—1)’exp[27ri'r{a

s o)
_( Y - X )(—1)’exp[2'rri'r{a (p+%)+%]2_ll[%+%]z}

r,p=0 r,p<0
(2.39)
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2.5. PROPERTIES OF THE STRING FUNCTIONS

The conformal highest weight of <I>,’,, can be read off directly from string
function C,’,,, eq. (2.39). However, in practice, the cancellations taking place in the
summations make this less obvious than expected. Instead, we will first present the
symmetries of the string functions and then derive the highest weights using
the symmetries.

The string function C.(7), has the following symmetries: (See appendix B.)

Cc! =ct-!
cl,=cl, (for k=0),
ct=ct, _, (for k=u-1), (2.40)
where [ =n — k(L + 2). The third symmetry follows from the first two:
Clk=uh = Chf = Ch7L = Clp e, (241)
From eq. (2.26) and eq. (2.27) we have
A 1(1+2) m?
W =A(P))= — - —— (£ <l). 2.42
m ( m) 4(L+2) 4L (OI' m<) ( )

From the symmetries (2.40) we can derive the highest weight of C! for m> 1

Their values are different according to the three cases k=0, k=u — 1, and the
rest. In summary they are

k+0,u—1, hl =k (m<l)

RL=hl +(m—-D/2 (U<m),

Wil +(m—Dy2  U<m)
o=k +(-m-1/2 (m<-D),
k=u—1, h =&l (m <)
o=kl +(m-D/2 (U<m<l+@+2u—2)—n)
o=kl +(m—-D—(+2u—-2—-n)

U+(+2u—-2)—n<m). (2.43)
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From the requirement that C/, = C}=! we obtain the second line in the above
three cases. For the k = 0 case, the additional requirement C!,=C’, gives the
case m < —I. For the k=u —1 case, the last two lines are simply from the
symmetry C! = CE-! and the values of 4/, in the k = 0 case.
In the u =1 case (integral level L), the above symmetries imply the periodicity:
C! =C! ,,,. The proof is:
Clln = Cl = Cllj-:lln = szl—m = Crln+2L 3 (244)

-m

and the highest weights become
h£n=;l£n (_l<m<1)

Bo=hl +(m-1)2 (I<m<2L-1). (2.45)

m

Due to the periodicity we can also rewrite the character x,(7, z) (2.34) in a more
familiar form. If we divide the sum over m into two parts

Y =X X m=m+2sL, (2.46)

the summation over s (i.e. summation over the winding modes) can be applied only
to bosonic characters (due to eq. (2.44), which gives

Y q(nz/(4L)—zn)(n =m+2sL)=0, ,(7,2), (2.47)

§=—00

and eq. (2.34) becomes

2L-1-1
x(m,z)= X Co(r)8, (7,2). (2.48)

m=—1

Hence we recover the string functions for integral L [7,27].

3. Bosonization in the generalized PF theory

In this section we introduce the bosonization of the Z, PF theory we derived in
sect. 2. This bosonization is a straightforward generalization of the integral L case
[23-25,28-31]. Next we present the string functions in a particular basis of the
bosonization formalism, which clearly suggests an underlying BRST cohomology.
However, such a BRST cohomology analysis is beyond the scope of this paper.
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3.1. THE GENERAL FORMALISM

The standard strategy is to start with three bosons to bosonize the SL(2) theory:
two of them can have background charges but the third cannot. The coset
SL(2), /U(1) corresponds to stripping the third boson of the SL(2) theory, which is
compactified on radius y/1/L . This procedure allows us to use the first two bosons
to construct the generalized PF theory, requiring that the resulting PF theory have
the OPEs obtained in sect. 2, eq. (2.18). This procedure will be shown to constrain
our general formalism.

Let us start with

(‘Pi(z)‘Pi(W» = —2¢;In(z—-w),
T(z) = —}(9¢)* +iay-d%p, (3.1)

where g, = +1 (—1) if the boson is space-like (time-like) and = (a, ;, @y ,,0).
In the above inner product we use the diagonal metric, 7;; = ¢;. The central charge
associated with the PF energy-momentum tensor 7T, is

c=2-24aj=2-24(saf , +&,0{,)

2(L-1) 32
T L+2 (32)
We take the PF current to be of the following form:
¥y =id-dpexpliC- o],
¢ =iB-dpexp[-iC- o], (33)

where the two-component constant vectors 4, B, and C are to be determined.

It is straightforward to calculate the OPE of (z)¢(w) and T,(z)¢(w) in
terms of the bosons. We can then compare the results with the following OPE to
get the constraints on 4, B, C, and 4,

U(2)8F (W) = (2= w) 41+ (24,/¢,) (2 = w) T, (w) + O((z - w)’)],

T, (2)i(w) = (z=w) *[A(w) + (z=w) oy, + O((z-w)?)]. (3.4
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A straightforward calculation gives

A =ﬂ(_52(60‘0,1 —0‘0,2):81(5‘10.2 - a().l))’

L+2 281(1(2)‘2—8182/4 —2e,0 | +£,8,/4
=L

L+2
C=+ "y (@o,2>a0,1)» (3.5)
L)

where 6 is defined as 6 = ‘/ (L +2)/(—¢€,6,L) and B is an arbitrary constant.
The solution, 4; =1 —1/L, implies that the third boson has to be compactified on
a circle of radius R =1/ VL . Now if @y, 10, = 0, there are no further constraints.
However, if ag ap, # 0, then we must also demand

H H
dag | —ag, Sag ; —

6182= _1 (if a0.1a0‘2¢0). (3-6)

In other words, if we choose the background charges to be non-zero for both
bosons, we must have one time-like and one space-like boson.

To be specific, it is convenient to choose the background charge to be a,=
(3/VL +2,0) and the metric to be &, =1, &, = —1 for the L >0 case. In this
basis, the parafermion currents become [29-31]

L+2
— %

dep +V—2 do dic 37
: = |:. .
2 1| exp 3.7

Using the bosonization of parafermion currents, we can easily derive the
conformal dimensions of ,. From y,¢, ~¢,, ¥ ;;~¥;,, we obtain 4;=
i—(2/L), where j=1,2,...,,

¢1(Z)=%[6<Pz- :exp(l&):,

VL

—i

¢T(Z)=7

3.2. BOSONIZATION OF PRIMARY FIELDS

In the basis we specified in the last subsection, the Virasoro primary fields are
defined as:

—il im
P = V~’1Ee"p(ﬁ%)“"(ﬁ%)’ (3.8)
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which has conformal dimension

, (1+2) m? ) 3.9
=—— — <l). .
n=qL+z ar (M (3.9)

We can also calculate the OPE of the ¢, ¢y currents with these highest weight
states

bi(2)Va(w) = (z=w) T (1=m)
+(z=w)(V(2/L) (1= m +L)idgy(w) — Y2(L +2) idp,(w))
+0((z=w)))| Wk a(w),

U (2)Va(w) = (z=w)"/" 7 [(1+m)
—(z=w)(V(2/L) (1+m + L)idgy(w) + V2(L + 2) idg(w))
+0((z—w)))|Vi_a(w). (3.10)

It is not hard to see that when m =1, V/ satisfies eq. (2.29) and becomes the
parafermionic primary field.

Here we would like to make some comments on the choice of g;. If we have
L <0 we have to flip the sign of &, such that we have two space-like bosons. And
the one we remove from SL(2) becomes a time-like boson. Another special case is
discussed in refs. [22, 32] regarding the SU(1, 1) conformal theory in which there
are the restrictions that L <0 and « <0,¢ > 0. In our notation it simply means
they have two time-like bosons, £, =&, = —1, and the removed third boson is also
time-like. It is clear to see the above comment from fig. 1. In this figure we use the
first two bosons to construct the parafermion, and the third one is needed to
recover the SL(2) CFT. Our construction covers region A, B and C. Lykken’s PF
theory covers region C and D.

There are three possible choices for screening currents [30, 31]

S, =VE*2, S,=VE?, Si=ide, Vit
and screening charges

Qi=PdzS(z). (3.11)
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(REGIONC) , 25q
t+2u Y REGION A)
L .

. . . A . £<0
REGION B

(REGION D)

R

us-2 u=-{ u=l u=2

(z+2u=2
u=0

Fig. 1. This figure describes different regions of (¢, u) values specifying different PF theories: Region
A, B, C are considered in this paper. Region C (¢t = K,u = 1) is the original Z, PF constructed by
Zamolodchikov and Fateev [6]. Region D was first considered by Lykken [22].

Using the screening currents, the string function (2.39), can also be written as (see
also appendix B, eq. (B.3)):

nc,',,(v)q-‘/<"‘“2”=iz( R

n ,p20 r,p<0

__15( Yy - 3 )(-1)’4"204”, (3.12)

r»0,p>0 r<0,p<0

where we use the notation 4,(r, p), h,(r, p) to denote the conformal dimension of
the vertex operator V. They are defined as (see also eq. (3.9))

hy(r, p) =h(V, {5200 E*D) = h(STHPSEV,)
hy(r, p) = h(V R Gk —r=2puXL4D) = p(Sf-pugh-pu=ry [y (3.13)

In order to understand this alternating sum and subtraction procedure, we plot
each term on the two-dimensional lattice spanned by vectors §, and §,. We show
these results in fig. 2 and fig. 3. Each lattice point denotes a two bosons’ Fock
space generated by two bosonic creation operators acting on the highest weight
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’ \

’, “
’ \
’ ~

Fig. 2. A typical example of the adding and subtracting procedure in the string function C,’,,. We

choose u =3, k=1 in this figure. S| and §, vectors are the movements of the screening charges Q,

and Q, (defined in sect. 3). Black dots are the points which can be reached by §, and §, starting from

the center, V,,',. Each circle represents a bosonic Fock space associated with the highest weight state V2,

whose highest weight is A%, defined in eq. (3.9), and character is equal to exp(2mirh{)/n>. The plus or

the minus sign inside each circle indicates whether this Fock space has to be added or subtracted. Then
the string function C!, is equal to the sum of all circles.

u=1

Fig. 3. This picture compares our formulae with those of Distler and Qiu [23]. The line connecting C,
A,B,D is their BRST operator complex. For each circle on this line there is another line (e.g.
AA,A A\, ...,BB, B,Bj,...), which is their ghost zero mode subtraction.
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state, |V,2(0)). The + indicates whether we need to add or subtract the corre-
sponding Fock space. So the string function becomes a sum over the traces of
these Fock spaces represented by the lattice points.

When u = 1, the above picture was explained by Distler and Qiu [23] in terms of
ghost fields. In fig. 3 the line connecting points C, A, B, D is the movement in their
BRST cohomology. The lines AA, A A,,... and BB',B,B/,... are the ghost
zero-mode subtraction. Fig. 2 shows an example of the rational L case, where a
definite pattern emerges. However, a complete BRST cohomology analysis is

beyond the scope of this paper.

4. New N = 2 superconformal field theories

In this section we formulate new N = 2 superconformal field theories (SCFT) in
terms of the Z; PF theory and a boson with an appropriate radius of compactifica-
tion. We then use this formalism to derive the N =2 superconformal (SC)
characters based on the string function we derived in sect. 2. Also we introduce the
chiral primary fields and the twisted N =2 SCFT in subsect. 4.3.

4.1. N=2 SUPERCONFORMAL ALGEBRA

The superconformal field theory is defined by the energy—-momentum tensor,
T(z), two supercurrents, G *, and the U(1) current J(z). (Later we use N=2 SC
currents to denote these four currents.) They satisfy the following OPE:

T(z)T = c/2 2 T ! aT O(1
(DT = T+ o T+ Gy T + 000,
1
T(Z)J(W)=zz—_—W)SJ(W)+ (z—w) aJ(w)+O(1),
T(z)Gi(w)=-3—/2—G*(w)+ ! aGE(w) +0(1)
(z-w)? (z—w) ’
c/3
](Z)J(W)=?Z——w)2+0(1),
+1
J(2)G*(w) = (Z_W)G*(w)+0(1),
G*(21G- _ 2¢/3 2 7
(Z) (W)_ (z_w)3 + (z_w)z (w)
+ [aJ(w) +2T(w)] + O(1), (4.D)

(z-w)
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where ¢ is equal to 3L /(L + 2). Corresponding to these currents are the genera-
tors of superconformal algebra, which are defined by: T(z)=X3_ _,L,z" "2,
GHz)=X;_ _ G,z "*t9732 and J(z)=L5_ _.J,z7""!, where a is a free
real parameter which dictates the branch cuts in G(z)*. Shifting « by an integer
yield isomorphic algebras. Therefore we restrict a within the range 0 <a <1. It is
the Neveu-Schwarz (NS) sector when a=1/2 and the Ramond sector when
a=0.
The highest weight state (assuming ¥ is a primary field) |¥) is defined by

GX|¥) =0,
L¥Y=U,|¥)=0, p>0. (4.2)

This completes our review of SCFT.

4.2, THE CHARACTER FORMULAE OF N =2 SCFT

The relation between the N = 2 superconformal minimal model and the Z, PF
theory (L integer) is well known [33]. We now generalize to rational L and
construct new non-unitary N =2 SCFT, with central charge ¢ =3L /(L + 2). We
shall write down the representation for the currents, the highest weight states and
the characters associated with these highest weight states.

The N =2 SC currents are written in terms of ¢, ¢, and ¢

T(z) = —4:0pdp(z):+ T,(2),

[ L
J(Z)=i mago(z),
2L - L+2
G*(z)= L—+—2¢1(2)37‘P[i\/%‘?(2)}’
2L L+2
G7(z)= L—E'I/T(Z)CXD[—Q/%MZ)} (4.3)

They satisfy eq. (4.1) if we use eq. (2.18) for the OPE between ,, ;7 and choose
the radius of boson’s compactification to be R=+y2L/(L +2) such that
G™*(z), G~ (w) have dimension 3 /2. The primary fields in N =2 SCFT can also be
represented by the generalized PF and a boson, of the form <P,’( exp(z‘aicp) which
are already primary with respect to the energy momentum tensor. The only thing
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to be checked is their OPE with G *(z). Using the OPE in eq. (3.9), we find, for
1+ k case

G+ (2)BL(w)expiako(w)] = (z = w) MLz = wy2ehETD/RD

X B, x| ik + (L +2)/2L Jo(w)] + ...,
G~(2)BL(w)exp|iato(w)] = (z = w) (2 —w) ~2ekfLrD/@D

x4 pexp|i(af ~ V(L+2)/2L Jo(m)] + ...

(4.4)
So the highest weight condition is equivalent to the following inequalities:
~k/L—1+2a}/(L+2)/2L +a+1/230,
k/L—1-2aky/(L+2)/2L —a+3/2>0. (4.5)
This implies
ol = k + L(3 sign(0) —a) (4.6)

V2L(L +2)

The sign(0) = +1 indicates the degeneracy of the ground states (P*) in the
Ramond sector when a =0. sign(0) = 1 when a # 0. We use the notation Ny to
denote the highest weight state @} explial¢]. Its corresponding U(1) charge, g,
and conformal dimension, 4!, are

k + L(3 sign(0) —a)
B L+2 ’

,_10+2) K (k + L[4 sign(0) - a])’ “
kKT 4L+2) 4L 2L(L +2) ’ ’
which can be easily obtained from eq. (4.3). When /= +k, a} will have one more
solution in addition to (4.6). But that one is ruled out by the requirement of
integral U(1) charge.

Now we can use our generalized PF as a machinery to calculate the N=2 SC
character. First we can see that any state in the highest weight representation
(HWR) can be reached by the negative modings of the N =2 SC currents. They



C. Ahn et al. / Superconformal field theories 213

can be written as:
|State> _Gt"l _" G:"'I . :'"sz_"'l"'L_";}J_m’l"'J*'"}4|NI£(0)>' (4.8)

From the OPE’s between the N =2 SC currents, eq. (4.1), and the parafermionic
representation of the N =2 currents, we can rewrite the above states in terms of

|State> = (‘pl) =y (‘/’l) —It'jl(d/r) -y ( d’r) —"'}2|(p;<(0)>
® (@) ... (d9) —:h;;lexp[i(af( +(h—i)V(L+2)/2L )‘P(O)] > (4.9)

When we take the trace over those states in the HWR we can decompose them
into the following factors and sum over

= L ol [ 27 ((de + Lisign(0) /2~ a])Y2/L(L 7 2)

n=—o

+2n(L +2)/(2L) )2]

= L Cioan(7)exp

n=—o

(k + L[sign(0) /2 —a] +n(L +2))*|. (4.10)

[2L(L+2)

We shall emphasize here the specific features in our construction. For u # 1, we
have an infinite number of N;. This is because k=/+2m and m=0, + 1,
+2,..., +o. In subsect. 4.3 we will introduce new conditions to restrict the
primary fields. The resulting fields are called chiral primary fields.

If L is integer we have the symmetry C} ,,,, = C.. We then perform the change
of variables k +2n =m + 2tL and the summation in n can be decomposed into
the summation in m and ¢. So the character becomes

2L-1-1 =

X/I<= Z Z Clln+21L(T)

m=—[ (=-w

2mit oL L+2\ L k— sien(0) /2.4 2 2
X —_— — - =(k- +
ol srerrgy |+ 20| S5 ) - 5 (k—sien(0)/2+ 20)
2L-1-1
= Z Crln(7)@m(L+2)/2—L(k—sign(0)+2a)/2,L(L+2)/2(T)! (4-11)

m=—|

where the @-function is defined in eq. (2.10). This result is in agreement with the



214 C. Ahn et al. / Superconformal field theories

early results of N =2 superconformal minimal model obtained by Qiu, Ravanini
and Yang [34, 35].

4.3. THE NEW TWISTED N =2 SCFT

In this section we first define the chiral primary fields in our N =2 SCFT and
then obtain the new topological field theories (TFTs) by twisting our new N =2
SCFT. In this subsection we only consider the NS sector for simplicity and follow
closely the work done by Eguchi and Yang [36].

The chiral primary states, |¢,(0)), are defined by:

G2 /2ldep(0)) = Gipalde,(0)) = 0. (4.12)
We can assume that ¢, has similar form as found in subsect. 4.2. We can then
repeat the calculation, eq. (4.4), in terms of the generalized PF and the boson. The

only difference from the previous subsection is due to G, ,|¢.,(0)) =0, which
results into

—k/L-1+2aly/(L+2)/2L >0. (4.13)

Combining this with the second one of eq. (4.5), we found there is no solution for
a if 1 # k. When | =k, the OPE between G *(z) and ®!(w)explia}(w)] becomes

G*(z2)l(w)exp[ialp(w)] = (z —w) (2 — w)rWL+D/CL
bl s+ VT o) .
G (z)Bl(w)exp[ialp(w)] = (z—w)" /L7 1(z — w) 2L/l
x@}_,expli(al ~ (L+2) /2L Jp(w)] + ...

(4.14)

So in order to satisfy eq. (4.12), we must have

~1/L+2a/(L+2)/2L >0 and I/L—2a4/(L+2)/2L >0. (4.15)

We then obtain a; and the chiral primary field, @/, as
@l = d]exp(iajd)

al=1/y2L(L+2) . (4.16)
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The number of chiral primary fields are finite and are determined by the number
of spin fields. It is easy to calculate the U(1) charge, g,, and the highest weight, 4,
of this chiral primary field

g=1/(L+2) and h,=1/2(L+2). (4.17)

They satisfy the property, h, = gq,/2, which can also be derived purely from the
N =2 SCFT [37].

Now we can try to obtain the corresponding topological field theory (TFT) by
twisting this N =2 SCFT. The basic idea is to add the term dJ/2 to the
energy-momentum tensor, Ty_,. We use the T to denote the twisted
energy—momentum tensor:

T=Ty_,+1dJ. (4.18)

This new energy—momentum tensor has zero central charge as calculated from the
OPEs (4.1). It also changes the conformal dimension of G* from 3/2 to 1 and 2
respectively.

It is now straightforward to identify the nilpotent operator, Qgggr in the TFT
and the ancestor of the energy-momentum tensor, T, under Qpgper’s action. We
can see from the last equation in (4.1) that if we identify Qgrer =¢dzG*, we will
have

{Qprst, G~ (W)} =2 (w). (419)

From the property of the TFT, G ~(w) is just the ancestor of the T(w).
The chiral primary fields in our theory are the physical observables in the TFT

Qurstl @5(0)) =P dzG*194(0)) =0. (4.20)

The last equality is entirely due to eq. (4.12). To complete the story we also have to
calculate the correlation function of-these observables. It must be independent of
the positions where these observables are located.

5. The new coset theories

In this section we construct new SU(2) COSET[ K, L] theory where both K, L
are rational (see eq. (1.1)). To do so, we first introduce the fractional supersymme-
try current £%) which survives after we change the compactification radius of the
third boson in SL(2) CFT and turn on the background charge associated with that
boson. The primary fields in the coset theory, defined with respect to {&‘), T}, can
be obtained through the requirement of having non-trivial BRST cohomology, an
approach forwarded by Felder [19]. The character formulae for these primary
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fields, and the closely related branching functions can be derived through this
BRST cohomology. The analysis follows that of ref. [21]. The symmetry properties
of the branching functions are also derived. A non-trivial check on the construction
is provided when we specialize to the K = 1 case and compare the results with the
BPZ series. The last subsection is devoted to modular invariant partition functions
of the new coset theories.

5.1. FRACTIONAL SUPERSYMMETRY CURRENT

In addition to a direct product of A}’ KM and Virasoro algebra, the SL(2),
theory can also be considered as representations of a non-local algebra, which
includes a fractional supersymmetry current, denoted by £-)(z), and the stress—
energy tensor T(z). The #Xz) current has conformal dimension 4, =
(L +4)/(L +2) and is expressed in the following form [5,9-11]:

FB(z) = ) g% 9%(2), (5.1)
a,b
where J¢, are the generators of the A’ KM current as defined in eq. (2.5). #%(z)
is the chiral primary field in the generalized adjoint representation of SL(2), . This
current exists whenever ¢ + 2u > 4. (See egs. (2.3) and (2.4) for clarity.) For L =2,
ZU)(z) is just the usual N =1 supercurrent. Together with the stress-energy
tensor T(z), it generates an extended Virasoro algebra.

In sect. 2 we use the Z, PF and an U(1) boson compactified on the radius of
V1/L as a representation of the SL(2), theory. Here we can also bosonize the
fractional supercurrent by using the Z, PF. Following the similar calculation done
in ref. [11], we can derive the following form for £“)(z) current:

L(L+4 2iVL
gD(z) = V ﬁ {616<P(2) + 7 Lé(2) —f?T(Z)]}) (5.2)

where ¢ =3L /(L +2) is the central charge of SL(2),, and
ez) = %(Afz/,ﬁbg(z) +A—2/L(p%+(z))’ €(z) EAtZ/L—l(p%(Z) ’
é'(z) EA—z/L—x‘p%*(Z) = %LA—Z/L—IA;/LEI(Z)' (5.3)

The overall normalization is chosen such that £¢%)(z) has the following OPE with
itself and with the energy-momentum tensor:

g g (w)=(z- w)_zA"{l + (24, /¢)(z - w)zT(w)}
+a(c)(z—w) " HED(W) + 3(z—w)oZ D (w)} +reg.,

A ag L (w
L _eW(w) + (w)

T =0y IFETR

(5.4)
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where the structure constant A,(c) is determined by associativity and closure of
the algebra.

What we have here are a free U(1) boson compactified on radius y/1/L and the
Z, PF. As is well known [10], we can change the compactification radius to obtain
a deformed fractional CFT. Changing the compactification radius does not change
the energy—-momentum tensor,

T(z) =T, (z)+T,= —5:0dp:+T,. (5.5

The modular invariant partition function can be obtained by combining the
partition function of the parafermion and that of the U(1) boson with twisted
boundary conditions [10]. Here we are only concerned with the diagonal modular
invariant partition function and denote it as Z(R) for compactification radius R.
We demand the whole theory should satisfy the duality symmetry, R/R, - R, /R

with R, =y1/L . That is,
Z(R) =Z(R%/R),

L(L+4 1 (R R* ]
@) = ey (000 + 7 7+ 7 T e et @),

(5.6)

It is only at the self-dual radius that we have the SI(2), symmetry. Once we move
away from this radius, we lose the symmetry. Instead, the fractional supersymmetry
current, £§X(z), and the energy-momentum tensor, 7(z), remain symmetry
currents.

5.2. NEW COSET THEORIES

The coset theories we are going to construct are COSET[ L, K], where L and K
are fractional numbers. Let L =¢7u, the same as before, and K is defined by
K+2=p/q, where p and ¢ are coprime integers. For later convenience, we also
define p’=p + Lq. The central charge of this new coset theory can be derived
from the usual GKO construction. It gives

3L 3K 3(K+L)
= + —_
L+2 K+2 K+L+2

C

_2(L-1)

Tyt 1 24al, (5.7)

where a2=(p —p')?/(4Lpp') =tq*/[4p( pu + tq)]. From eq. (5.7), it is clear that
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the new coset theories can be constructed from the Z, PF and a boson with some
background charge «,. It is usually known as the generalized Feigin~Fuchs
construction. In other words we construct the Z; PF by removing from the SL(2)
theory an U(1) free boson compactified at certain radius y/1/L . Now we can move
to the coset theories just by putting the boson back at different radius and turning
on the background charge associated with the boson. To have a consistent
deformed CFT [5,10,11], we must choose the radius to be R =/p/(Lp') .

The PF part of the energy—momentum tensor does not change when we turn on
the background charge:

T(z)=T,(2) +T,=T,(z) — 5 :0¢dp: +iayd%p. (5.8)

But the appearance of the background charge changes the primary status of the
Z§)(2). So we have to add a term de, with coefficient proportional to a,, such
that £)(z) remains primary with respect to T(z)

L(L+4
0=y ey
iL(a,—a_)

X{[flad’(z) —iag(L +2)d¢/(2)] + _L':T[él _gﬂ} » (5.9)

where we have used

j2 pu+1ig
=R R*2=1/—=1/ ,
a, / Ip ot
2
p pu
=—R=-—1/—=—V—. 1
o- Lp t(pu+tq) (5.10)

Even though we lose the SL(2), symmetry, the off-diagonal currents, J *(z), can
be modified such that their dimensions remain equal to one. They are now the
screening currents

§*(2) =#,(2) exp(ia, &(2)):,
S7(z) =97 (2)exp(ia_¢(z)):. (5.11)

It can be verified easily that the OPE of §*(z) with £“)(z) has the following
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simple form:

St(z2)gD(w) ~ (ZL’;))Z +reg., (5.12)

where W(w) is some operator, and the residue of the single pole piece vanishes.
We define the screening charge as the contour integral of S *(z),

Q+E¢dz ¥y(z) :explia,d(2)]:,

0 =¢dz ¢ (z) explia_d(2)]:. (5.13)

Since the screening currents, S *(z), are dimension-one operators and their OPE
with £)(z) is given by eq. (5.12), we can conclude that Q¥ commute with T(z)
and £4(z)

[o*.T(2)] =0, [2%,2"(2)]=0. (5.14)

These screening charges will be used later as the basic ingredients of the BRST
operator.

In sect. 2 we discussed the relation between the primary fields with respect to
SL(2), chiral algebra and those with respect to Z, parafermionic algebra (eq.
(2.26)). The relation is

Wi(z) = @} explilg(z) /2VL |:. (5.15)
When we turn on the background charge, only the bosonic part of eq. (5.15) has to
be modified and the parafermionic part remains intact. According to the require-

ment that they are primary with respect to the £*)(z) and the T(z) currents, we
modify them into

Vi!i(z) = @] exp|iB; y(2)]:,
where B; i=3(1—-j)a,+3(1-/)a_, (5.16)
and j,j' are arbitrary integers satisfying the condition:
ln—2k|=|j—j (mod2[t+2u—2])],

I<j<p, 1<j<p, (5.17)
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where p'=(pu +tq)/D and D = g.c.d{pu + 1q, ug}. We derive these conditions in
appendix C. The second equation in (5.17) comes from demanding a non-trivial Oth
cohomology class which we will discuss in subsect. 5.3. According to the appear-
ance of the background charge, the conformal dimension of the primary field
V! {(z) becomes

h‘l’-'jr = A(@;) + ﬁlz,,l' - Zaoﬂj'j:

_ g+ U =ip) = (p-p)
4(L+2) 4L ALpp' '

(5.18)

5.3. CHARACTER IN THE COSET THEORY

In this subsection we calculate the characters of the primary fields with respect
to {£9, T} by using the BRST symmetry. We follow Felder’s approach [19,21].
Here the reducible Verma module is defined by applying the negative modings of
the extended Virasoro algebra

-]

q,!
Reducible Verma Module ={ Y. [] &% ...e®Wr_ . .T_, |[V/.(0)}.
g, l=1i k=1

(5.19)

From the parafermion content of the current G0 in eq. (5.9), it is natural to
conclude that the reducible Verma module is embedded in

t+2u—~2 t+2u—-2
2 B N PF b
Fir= @0 = GBO Zr(.1 ® s (5.20)
r= r=
n~r=0(mod?2) n~r=0(mod?2)

where I =n — k(L +2) and I'(r) =r — k(L + 2). The Fock space #},, has been
defined in eq. (2.31) and the other one is defined as

ZP,= ZOna_,,la_,,z...a_,,jlexp[iﬁj,j,go(O)]) , (5.21)
i=0j=0

where a_, are the creation operators of the boson.
The BRST operator we need is defined as

Ofksr =TT dz,9(2) sexplicao(2)] - (522)
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CONTOUR C: Z,: | — 1

2;:Z,—>Z,(£=2,3,--,n)

1
CONTOUR C”: Z; 1—>1 ,4i=1,2,~-,n

Fig. 4. The contour & is defined as follows: z, goes from 1 to 1. z; goes from z, to z, for

i=2,3,...,n. This is an ordered contour which means that the imaginary part of inner circle is smaller

than the outer ones. We use this contour to define the BRST operator. The contour &' is defined as

follows: z; goes from 1 to 1, for i = 1,2,..., n. The difference between contours % and &' is a phase
factor discussed in appendix C.

The contour & is chosen in the same way as Felder did: z, goes from 1 to 1 as a
closed circle. z; goes from z, to z,, for i =2,3,...,n. This is described in fig. 4.
All the following arguments and definitions can be applied to «_ and S7(z) as
well. So we shall concentrate on S¥(z). In appendix C we also discuss the other
contour choice and show the nilpotency property of the BRST operator

OfRsPORRsT = 0. (5.23)

The power of the screening charges we need to construct the BRST operator
depends on the Fock space on which Q{R¢r acts. The criterion is based on the
closure of the outer contour, z,. It is shown in appendix C that the well defined
BRST operator on the Fock space # ; is Qsr.
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From the property of ¢, when acting on the Virasoro primary fields, ¢/(0) and
the ja, charge carried by the BRST operator, we see that the BRST operator has
the following action:

Okt = 2L
So the BRST complex can be described as

= h QB o Rt oy
R A > #} > #0U - L (5.24)

~j+2p,j . Jid

Now the irreducible Verma module defined with respect to the negative mod-
ings of the £“ and T(z) currents is identified with the Oth cohomology class

Irred. Verma( &/ exp[iB; ;¢(0)]10)) = (Ker Qhsr/Im QG?)|. 21, (5.25)

and the other cohomology classes are empty. In appendix C we also show the
restriction on j, j* such that we have non-trivial Oth cohomology class by examining
the non-vanishing two-point functions. These restrictions are

1<j<p and 1<j<p, (5.26)

where p' is defined by 7' = (pu +1tq)/D and D = g.c.d{pu + tq, ug}.

Now that we have the BRST nilpotence property and have identified the
irreducible Verma module as the Oth cohomology class, we can calculate the
character, Xf, 7» Which is the trace over the irreducible Verma module with
the highest weight state |V} .(0))

-

xjp= 2 Tr(gre=</*) (OVCT ’%jlfzzsspp.f')

§=—
-]
- ), Tr(ghoe/*) (over i?’_“}i’z‘sjfﬁ). (5.27)
§= —00
The trace over the Fock space %/ 22 is equal to
t+2u-2
Tr(glo=c/%) (over ;?j’;zzj,ﬁjl) = Y. Tr(g ™" ~¢»/%) (over 255, 1-25p)

r=90
n=r=0(mod?2)

® Tr(qL‘.’,—cbﬂ“) (over 5’,-b+2sp,i')

t+2u—-2
Y Y (r)n(7)|e
n—r=r(T((|)nod2)

_l_qBj_,"(S)) .
n(7)

(5.28)
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So eq. (5.27) can be simplified as

® t+2u-2 t+2u—2
| I it 4 it
X = Z E Cm(|r(z)(7)qﬁl'l ©— Z Cm(;(?s)('r)qﬁ .749) H
§=—o r=0 r=0
n—r=0(mod2) n—r=0(mod2)

(5.29)

where C,’,',‘i”('r) is the string function we defined in eq. (2.39), and B; ;(s) is defined
as

[2spp' +p'i —pi' ) = (p—D')°

B, #(s) = ALop ;
[2spp' —p'i—pi' ) = (P - P')°
Bji(s)= il , (5.30)
and
m(s)=l-2sp, my(s)=1+2j—2sp. (5.31)

Before we close this subsection, we would like to answer the question why we
need to specify the admissible representation by restricting the level to satisfying
t + 2u > 2 from the point of view of constructing the coset theories. First we argue
that if t + 2u < —2 we can flip the signs of ¢ and u without changing the level. So
this range of ¢ and u is excluded because of the redundancy. Now if ¢t +2u =0 or
t+2u=1 we can see from eq. (5.17) that the coset theory SU(2), ® SU(2), /
SU(2),,, is empty because p=t+2u and 1 <j<p—1. So the existence of the
SU(2), WZW theory is a contradiction. Thus we obtain the condition ¢ +2u > 2,
which is the same as the one required from having admissible representations.

5.4. THE DERIVATION OF THE BRANCHING FUNCTION

In this subsection we first define the branching function and derive their
symmetry properties. Next we use the BRST cohomology method developed
earlier to calculate some of the branching functions. We can then obtain the rest of
the branching functions via the symmetry properties. Also we should point out
here the checkpoint of the string functions derived in sect. 2. We can obtain the
same branching functions in the coset construction in two ways: (i) using the Z,
PF and the corresponding BRST complex, (ii) derived from its dual theory,
namely, by using the Z; PF and the corresponding BRST complex [21]. The two
approaches give the same results, as should be the case.
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The branching function B/ 1 {7 is defined by

,L)(T Z)Xl(zK)(T z) = ZBIZ A T)XIK+L)("' z), (5.32)

where K and L are the same as we have defined before, and X,‘i’“")(r, z) is the
character of the admissible representation for level L;, which is defined by Kaé
and Wakimoto [13]. The spins !, are defined by [,=n,—k(L,+2)=(n, k),
where L,=L, K, and (L +K), respectively. The summation in /; has to be
restricted due to the requirement that z’s coefficient in the SU(2) characters must
be matched: From eq. (2.34), this condition leads to m; =m, + m,. Since [, —m; =
even integer, /, should satisfy the following selection rule:

I, —1,~1, = even integer. (5.33)
We can rewrite eq. (5.33) into two parts
j=(k3—k)L + (k;—k,)K=integer,
ny=n,+n,+j(mod2). (5.34)
The first equation in (5.34) turns out to be a strong condition on kj; for given
values of k, and k,, there is at most one solution of k,. Therefore, the summation

over /; becomes the summation over all possible n,’s.
The branching function has the following symmetries:

I. ,2 (7)) = —B_fz‘g —-2(7) (forall k;+0),

L B () =BgZl ker—i{7)s
UL Bj,(7)=Bj2,(7). (5.35)

The first one is derived directly from the symmetry of the character, eq. (2.12). The
second one is confirmed by comparing the conformal dimensions

A(Bj2,,) = A(BEZ k+r-1,) (mod integer) . (5.36)

Since each primary field with a given conformal dimension forms an irreducible
representation of chiral algebras underlying in a given CFT, eq. (5.36) means the
two primary fields @" .1, and oL/ 21} k+1 -1, should be identified. The third symme-
try in (5.35) is the duallty symmetry, Wthh is obvious from eq. (5.32). In terms of
the components of /;, (n,, k;), eq. (5.35) means the following identifications of the
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branching functions:

. (n,k)->(t;+2u;+2-n;,u;—1-k;). (5.37)

Now let us discuss how to obtain explicit expressions for these branching
functions. We can first use the BRST cohomology method in subsect. 5.3 to obtain
only branching functions with k, = 0. This is because the BRST operator Qfggr
must be an integral power j of the screening charges and j=/,+1. If k, is
non-zero j is not an integer. So the BRST cohomology method only gives the
branching functions with k, = 0. Then we will obtain the others (k, # 0) using the
symmetries in eq. (5.35) or (5.37).

From subsect. 5.3 we know how to form a BRST complex starting from the
highest weight state, V,’ #(z) which is associated with a Fock space ZJ’ 7- This
highest weight state is defined with respect to both currents, £X)(z) and T(z).
But we also know that @/, exp(iB;, j:(p) is a highest weight defined with respect to
T(z). The Fock space associated with this highest weight state is z?jf'j’.". Then the
relation between the branching function and the BRST cohomology complex
starting from 2" is

Bj: ;, =Irred. Verma(®} exp[iB; ;4(0)])

ot (538)

= (Ker OQsr/Im Q%)

where Verma defines the Verma module with respect to the energy-momentum
tensor only, and

j=12+1, j,=l3+1, al'ld ml=jl_j=l3—12. (5.39)

Since k, =0, j is an integer so that QWX is well defined. Here p is determined
through K + 2 =p/q. The Fock space, #/4™, is equal to #™ ® #{7, which is
a subset of i’,’ j Wwithout summing over the /'(r) in the previous definition (5.20).
For simplicity we neglect /,’s subscript in the following.

The properties of the BRST operator do not change; in particular, its action on
the Fock spaces is the same as before, eq. (5.24):

) . Il,m l,m+2j
OQ¥gst: ;7 > #2757,

Ot Offksr ;
zhm F A (5.40)

=i

{,m—2p—j)
- ;7—1'+2p,j'
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By the same alternating sum and subtraction procedure as egs. (5.27) and (5.29),
we arrive at

B, =Tr(g"=</*) (over Verma| @/, exp(iﬁj'j,d;(O))])

= Z Tr(qLu—c/24) (OVer’:?jl.m—Z.\_'p)

+2sp.j

s=—

_ i Tr(qLo—c/24) (overfl,m-l-Zj—_Zsp)

—j+2sp,J'
§=—®

-]

= Z C!n.(s)(T)qBi'il(S)— Z Cllnz(s)(T)qB_j'j’(X)’ (541)

s=—0 §=—o0

where B; (s) and m(s) are the same as we defined in egs. (5.30) and (5.31).

Since eq. (5.41) covers all the branching functions with k, = 0, which we denote
B[k, = 0], we can then use symmetries I, II in egs. (5.35) and (5.37) to find all the
other branching functions B[k, # 0] as follows:

Blk,=0]3 Blky=u,— 1] > Blk, =115 Blk, =u, — 2] > Blk,=2]....
(5.42)

Since the symmetry I holds for k;+# 0, if u, <u, it may be possible that k,
becomes zero in the sequence (5.42) before we can cover all the k, from 0 to
u, — 1. If this happens, we can just use dual symmetry III to start the sequence
with B[k, = 0]. Therefore, the branching function B[k, =0] in eq. (5.41) and the
symmetries in eq. (5.35) determine all the branching functions completely.

While most of these branching functions are new, we can derive the BPZ
characters for minimal models using eq. (5.41). Considering COSET[ L, 1] theory,
we can find the corresponding branching functions which should be identified with
those of the BPZ minimal models because of duality. Since the BPZ characters are
well known, this gives a good consistency check for all of our construction of new
coset theories. Using the “MATHEMATICA” program, we checked these two
character formulae up to the order of (g°°). We will show some examples in
sect. 6.

The relation between the character of the chiral algebra, £“%(z) and T(z), and
the branching functions is

t4+2u—2

[ - 4
Xj.p = Zo Bl i1 ty=p—1> (5.43)
n—r;()—(modz)
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where I=n—k(L+2), '=r—k(L+2) and |n—2k|=|j—j (mod2[t + 2u —
2])|. For some cases, the branching functions can appear in the character in
multiple copies.

5.5. MODULAR INVARIANT PARTITION FUNCTIONS

The modular invariant partition functions of the COSET[L, K] theory can be
constructed straightforwardly from the ADE classification of the SU(2) Kaé-Moody
algebra. Since the non-negative integer matrices N, , in eq. (2.13) have been
constructed in ref. [16], we use this result to find partition functions of the coset
model. The following combinations of holomorphic and anti-holomorphic branch-
ing functions of the COSET[ L, K] theory are modular invariant:

Zooser = Z Z -/V/,,12.11,1,,12,13312 /,( )BI2 i,( ),

Loty ty gy 00y

. = L) (K) (L+K . K) AJ(K+L)
'/Vll.lz.l_qzlhiz.l_-,—[N( ®N ®N )]11.12-13;11,12, NI(| IVI( N13,13 : (544)

2.1

To prove this, we should find how the branching functions are changed under
the modular transformations. From the definition of the branching function (5.32),
one can find

1(_1/7') = Z 5’1,.12.1,./.,1',1'Bp 1'(”')
TN

/(T"‘l)“ > -71,,12,1,,/,,1'.'1 r n(7)s (5.45)
II»IZ»IB

where . and S are expressed in terms of S and T of eq. (2.15)

= [ ey g et (L+K) ]
Pttt 1y [S ® SO ® (SEO) ] Lt

= Sl(,l,‘l S 2 15 (S(“K))Ia

_[rw o 7 (L+K) “]
ZIJIJJ;I,I'I&-I'J [T TV e (T ) U a5 1, 1, 0

-1
1(,L1),7}(zl<l)2( T(L+K))la.ls ’ (5.46)

where we used the unitarity of S matrix. Using these matrices, it is easy to check
the modular invariance of (5.44) using eq. (2.14):

N =NF, TN =HT. (5.47)
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Since the matrices N are classified under the name of ADE, the partition
functions of the COSET[L, K] theory may be denoted by (X, np» Ynys Z) Where
each one of X,,I,Y,,z, z, 1s one of A, D or E according to n; defined by ¢; + 2u; for
the levels ¢;/u;. A-senes is for any n; and D-series is for n; even. E-type exists only
for n;=12,18,30. For example, (A, A, A) partition function represents the coset

CFT with only spinless primary fields;

coset Z IBIZ 13
I 0a,0

This classification completes the construction of the COSET[ L, K] theories which
include many new rational conformal field theories.

6. Examples

In this section we will present some examples to demonstrate our new construc-
tions. We first show some properties of the Z, ,, PF, which is going to be used to
construct the coset theories, COSET[1/2,1] and COSET[1/2,1/2]. We compare
the former with the BPZ minimal model, COSET[1,1/2], as a consistent check of
our whole construction. Finally we use the latter to demonstrate some special
novel properties.

6.1. Z,,, PF

The central charge of the Z, ,, PF is cpe = —2/5. §, has conformal dimension
—1. In general, §; has conformal dimension j(1 —2j), where j=1,2,...,

The Virasoro primary fields are d>,’,,. | takes the values 0,1,2,3 and
-5/2,-3/2,-1/2,1/2. m is equal to [+ 2n and » is an integer running from
—o to . The parafermionic primary fields are @] with highest weights,

(+2y @

10 27

ht =

6.2. COSET THEORY COSETI1/2,1}

In this subsection we consider the coset COSETI[1/2,1]. This implies p =3,
g=1,p'=7/2 and p'=7. (See eq. (5.17).) From eq. (5.10) we obtain

7/3 and a_=—y12/7.

The primary fields, with respect to T(z) and £)(z), are the first two columns
(j =1,2) of table 1. The conformal dimensions are given by eq. (5.18)
I(i+2) 12 L - 6/')* -1

g BN ———

H 10 2 84

Now we also present BPZ minimal model, M, _; ,,_, (= COSETI(1,1/2)]), in the
following table, where ¢ =1— 6(p —p')?/pp’ = 11/35.
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TABLE 1
The Kaé table of the highest weight states hj-'  in the coset theory, COSET(1/2, 1], with central charge
¢ = 11/35. The numbers in parentheses (n, k) denote the spin { =n — k(L +2)=n — k(5/2). The
number below is the highest weight.

j=1 j=2 j=3 j=4 j=5
0,0 1,0
j'=1 0 11/20
1,0 ©,0) ©,1
S=2 3/35 1/28 1/28
(2,0 1,0 a,n ©,1)
i'=3 8/35 —-3/140 -3/140 3/7
(3,0 2,0 @n a,n
i'=4 3/7 —-3/140 -3/140 8/35
(3,0 3.1 @n
i'=5 1/28 1/28 3/35
(3,1)
J =6 0

We can see from these two tables that only part of table 2 appears in the first
two columns of table 1, which are supposed to be the primary fields in the coset
theory, COSET[1/2,1]. The rest of the table 2 become the descendents of the
primary fields in this coset theory. For example*

4/5 4/5

Hl’.=10=h1.1—’h3,1a Hé"=20=h,,2—>h3'2,

Hig =hyy =D by HIG =hyy—s hyay HER' =hyy—2 hys,
Hé.-42=h3.4l_4—/5’h1,4, Hxl,=32=h3,3 :ﬂ’hl,sa

Hll.=43=h4.4‘m’hz,4: (6.1)

where the number above the arrow indicates the negative moding (mod integer)
generated by the £“) current [11]. According to their analysis, we can write down
the following sequence:

1-1/(L+2) U+2)/(L+2)
<—H"2(descendent) Y H:,."j. / - H’*z(descendent) - ...,

(6.2)

where we use “H'(descendent)”’ to denote the descendents of the coset primary
fields. “H!(descendent)” are still primary with respect to the Virasoro algebra.

*In the following HJ' y»and h,, .. are used to denote respectively the primary fields in the coset
theory (= COSETI1/2,1]) and those in the BPZ minimal models (= COSET[1,1/2)).
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TABLE 2
The Kac table of the highest weight states 4,,, ,s in the BPZ minimal model, M, _5, ;1.7
with central charge ¢ = 11 /35

m=1 m=2 m=3 m=4
m=1 0 11/20 9/5 15/4
m=2 1/28 3/35 117/140 16,7
m=3 3/7 -3/140 8/35 33/28
m =4 33/28 8/35 -3/140 3/7
m=5 16/7 117,140 3/35 1/28
m=6 15/4 9/5 11,720 0

The number above the arrow indicates the conformal dimension difference gener-
ated by the £ current.

In addition to the above relationship between the highest weight states, there is
another more restricted relation. It is that the branching functions derived from
both approaches must be the same due to the obvious dual symmetry (1.3). Recall
the formula, eq. (5.32),

1/2 N _ ] 3/2) _ Rl 3/2
x§Px0 = 1B xP = Y B2 XD (6.3)

ny ny

The first one, B, 1y 18 derived from the cohomology complex using the Z, PF
based on the hlghest weight state H/nm=ll= diﬁ exp(iB; y¢) where j=1,+1
and j' =15+ 1. The second one, B,2 Iy uses the Z, PF (which is trivial, hence giving
just the BPZ’s minimal model) based on the hlghest weight state A, _; . =i+
Notice that the cohomology method is applicable only in the case where the first
subscript is an integer, which means k, =0 in B, 1, and k; =01in B, 1o

In the following we want to compare the branchmg functions derlved from these
two approaches by Taylor expansion up to order of g*’. The calculation is based
on egs. (5.41) and (2.39) in the COSET[1/2, 1] case. We also need the symmetry of
the branching function, eq. (5.35), when k, # 0 (the case (c) below). We only cite
three typical examples in detail, which are the branching functions based on the
primary field, A{7* ™=9, its descedent (but Virasoro primary), H{'[*> ™ =0, and
finally the H,'5 2, my=172 (k, # 0 case).

(@ HT =0, '""° (We must have B8, _o=B/220 .-, in this case.)

nBlz=0 11=0 1/84[C0 -q C _q10C(14+q20Cg _|_(122c(l6 _q36cg
—q%C% |, +¢*C), +q%C2 , — q"2CY, — ¢2C% ¢
+q186C§’8+q192C316— ]

=q1/35[1 —q—q*+q¢¥2+¢7 - O(q‘m)] ) (6.4)
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From the BPZ minimal model we also have

NBEZE 1o = MXmet, =1 =07 ¥[1—q — % +q* +¢%" - O(q™)], (6.5)

where x,, . is the character with highest weight #,, . which was first given by
Rocha-Caridi [8]. As expected, up to the terms calculated, eq. (6.4) from
COSETI[1/2,1] and eq. (6.5) from COSET[I 1 /2] agree.

(b) H{'7*™=° (We must have B/'\Z), _o =B/, _, in this case.)

773[2 3 1m0= l/84[c2 —q2C2—g"C2, +q®C2 +q®2C2 (- q*C?
—q®C2 |, +q%C% + g% C2 |, — q'12C2 — ¢'2C2
+a'Ch+g"C2 - ..

=q29/35[q —gt—qB+q®+ O(q“o)] ) (6.6)

The corresponding one in the BPZ minimal model is

nBIl—Z I3=0 " =MXm= =3, m=1- 29/3S[q q —q'3+q2°+0(q"0)] (67)

Again they agree, as expected.

(© HpsV/2m=12=HjsY? m=1/2: In this example we first have to shift
j =4 to the range 1 <j <3 =p because of the requirement of the BRST cohomol-
ogy. The highest weight of Hj!5'/%™=!/2 js equal to that of H|';%>™='/% The
branching function is derived based on H{'3%¥* "™='/2 This is why we use the
symbol = above. In this case, k, # 0, so that the cohomology method can not be
directly applied to the denvatlon of B, Iy Therefore we must first use the
symmetry (5.35), either on BIS 2 12, (to get Bl =B ,‘_1) or on
Bl,=1/2 1,=1,2 (to get Bl,=1/2 1,=172=8/2%! 1,-1). Then we can see the duality
easily.

=172 — Rl =0
nB{\Zo/l=1 2 =BT 12
2] P12 301/2 _ 82 19172 3
=q'/ [lez_q CS//Z -q%C2, +qPCl 4 12t4a C13/2
4012 551/2 80/~1/2 881/2 119,~1/2
—q¥C\{3, —q>ClY5 ,, +q%CY3 ), +4%C —q Cz{/z

—q"“C'/z +ql95Cl/2 +q183C1/325/2_ ]

=q9/140[1 _qz _ qzo +q32 +q38 _ O(q40)] . (6_8)
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The corresponding one in the BPZ minimal model is
NBI2IL 0, 1ym12 = MB{2Z0, 1,21 = MXime 1, mi =2
=q9/140[1 _ qz _ qzo +q32 +q38 _ O(q“o)] . (6.9)

Up to the terms calculated, this checks COSET[1,1/2]= COSETI[1/2,1]}, as
expected.

6.3. COSET(1/2,1/2]

This coset model is an example of the new cosets constructed in this paper. The
central charge is equal to 1/5, which is absent from the BPZ minimal model. We
first have p=5, g=2, p'=6 and p' =3 and then

a,=y7/3 and a_=-y12/7.
The highest weight is equal to

I(1+2) P2 N (6j—5i")° -1
i 10 10 60

The Kac table is shown in table 3.

The characters are obtained using egs. (5.41), (5.43) and (2.39).

We point out the similarity between, COSET[1/2,1/2] and COSET[1/2,1]. In
the COSETI[1/2,1] case we can generate finitely many branching functions, i.e.
Virasoro primary fields, from the coset primary fields such that they form a closed
algebra, dictated by the fusion rule. These finitely many Virasoro primary fields
are the same as those obtained from COSET(1,1/2], which is a BPZ mini-mal
model. In the COSETI[1/2,1/2] case we can also find a closed set with only finite
number of branching functions which close under fusion rule. (Closure under
fusion rule follows from the fact that they form an admissible representation under
modular transformation and Verlinde’s conjecture [38].) Since COSET[1/2,1/2]
with ¢ =1/5 is absent from BPZ'’s analysis. Our construction for ¢ <1 can be
considered as a generalization of the BPZ series.

TaBLE 3
The Ka¢ table of the highest weight states h}‘  in the coset theory, COSETI[1/2,1/2] with central
charge ¢ = 1/5. The top line in each entry specifies the spin /

j=1 j=2 j=3 j=4
=0 I=1 =2 =3
=1 0 3/5 8/5 3
=1 =0 I= =2

=2 1/20 1/20 51/60 41,20




C. Ahn et al. / Superconformal field theories 233

We thank P. Argyres, K. Dienes, B. Greene, J. Grochocinski, O. Hernandez, A.
LeClair, E. Lyman, and M. Walton for numerous discussions. This work is
supported in part by the National Science Foundation.

Appendix A

FOUR-POINT CORRELATION FUNCTION

From the current—current correlation function {(J*(z)J~(w)) =L /(z — w)?, we
obtain

1
(¥ 2)¥; (W)>=(—ZW-

Using the Ward identity (2.21), we can derive all correlation functions of ¢, and
. In particular, the four-point correlation function is given by

<*/’l(21)‘!'1(22)‘/’14'("’1)‘/’#("’2»

AL-1)  2AL-1)

= [(Zl—Wl)(zz_wz)]_“Z/Lg_Z/L L L

E+€%, (A1)

where ¢ = (z, —z,)(w, —w,) /(2 = w)(z, — w)).
Now, using eq. (2.19)

Ui(2)(w) =y (2= w) T (W) + .,

Ui (2)d(w) =i (z=w) T2yt (w) + . (A2)

one can read off the most singular power of (z, —z,) and (w, — w,) to find

A,=AFf=2(L-2)/L,
e =2(L-1)/L, (A3)
and using eq. (2.23)
ba(2)05 (W) = (2= w) 41+ (24,/¢) (2 = w)’Ty(w) + O((z - w)?)],

(A.4)

one can derive ¢ =2(L — 1)/(L + 2). To compute other conformal weights 4, and
structure constants c; j,,c;‘“j,, we need to consider higher-point correlation func-
tions using eq. (2.21) recursively. In general, it is easier to use the bosoization

approach to calculate A4,.
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Appendix B

THE SYMMETRIES OF THE STRING FUNCTIONS

In this appendix we will first show how to obtain eq. (2.39) and then present the
detailed proof of the symmetries of the string functions.
Starting from eq. (2.36), we first separate the range of summation in p, i.e.
Yy Y=Y XXX+ Y ¥ X X. (BY
jip=—or=00=1% je=—w p=0r=00=1% j=—w p=—=1lr=00=%
We then simplify the second terms in the above equation by using eq. (2.38) to
delete the first 2p terms in the r summation. Finally we obtain eq. (2.39) by
comparing the z-dependence with that in eq. (2.34) and substituting the j value in

terms of m.
The string functions have the following symmetries:
CrIn = CL —-m>?
cl,=c., (for k=0), C, =C_, (for k=u-1), (B2)

where I=n —k(L + 2). To prove it we have to rewrite eq. (2.39) into slightly
different forms by changing the p summation’s range according to o= +1 or

o= —1. Let us start from eq. (2.36) again, where the summation is split in two
different ways,
L X=X XL X(e=+1)+ Y X XL(o=-
jip=—or=0o=1 j=-xp=0r=0 j=—wp=1r=0
LT % L(o=+D)+ X ) Y (o=-1)
j=—®p=-1r=0 j=— p=0r=0

(e=+D+ ¥ Y Y(o=-1)

j=—op=1r=0

=§§

P it

+ Y L T(e=+)+ ¥ % L(o=-1).
j=—® p=0r=0 Jj=-x p=0r=0

Then we repeat the same procedures described immediately below eq. (B.1) and
obtain two other forms for C/,

ren=( L - L Jeven-( £ - % J-nen 83

p,r>0 p,r<0 p>0,r20 p<0,r<0
rem=( L - T Jenen-( £ - T v
p>0,r»0 p<0,r<o0 p>0,r»0 p<0,r<0

(B.4)
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where we define
g(n,k,m,p,ry=al[(p+r/2u) +b+/2a]2—L[r/2 +m/(2L)]2

C[nH1-k(L+2)+(r+2pu)(L+2)]°  (rL+m)
- 4(L+2) CaL

gx(n,k,m,p,r)=a[(p+r/2u) +b_s2a]*~L[r/2+m/(2L)]’

a1+ k(L+2) = (r+2pu)(L+2)]*  (rL+m)’
- 4(L +2) AL
(B.5)

which corresponds to the exponents in egs. (2.39), (B.3) and (B.4).
Now it is easy to see the first symmetry. C,f" defines its exponents in the

—-m

summation, denoted by g,(A, k, 1, p, r). fi, k are defined by L — /=7 — k(L +2).
After some algebraic manipulation, we obtain

gl(ﬁ,k,n't,p,r) =g(t+2u—-2-n,u-k—-1,m,r,p)
=g(n,k,m,—-r—1, —p)

gz(ﬁ,lz,)h,p,r) =g,(t+2u-2—-n,u—k-1,m,r,p)
=g,(n,k,m,-r—1,-p+1). (B.6)

So we finally have

7‘]3CIL"_I(T)=( Z . Z )(_1)’qg,(t+2u—2—n,u—k—l,rh,r,p)
-m

p,rz0 p, r<

__( Z — Z )(_1)’qu(l+2u—2—n,u—k—l,ﬁz.r,p)

p>0,rz0 p<0,r<0

=( E - Z )(_1)'qg.(rx,k,m,r.p)

p>0,r20 p<0,r<0

p>0,r>0 p<0,r<0

=93Cl(7). (B.7)
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Before we prove the second symmetry we would like to emphasize here that
x,(1, z=0) is well defined only when b, = —b_, which holds only when k=0.
Then we can simply write

X(1,2=0)= ¥ Ci(r)xgqgm /40 = Z CL, () Xq™ /4D, (B.8)

m=—om m=—o

This gives us the second symmetry when k = 0. Notice that when £k =0,/ +m €27,
both J3 eigenstates m and —m exist. The third one can be easily derived from the
first and the second as we have done in sect. 2. This completes the proof of string
function’s symmetries.

Appendix C

BRST PROPERTIES IN THE COSET THEORIES, SU(2), ® SUQ2),/SU(2), .

In this appendix we show the relation between different choices of the contours
in defining the BRST operator, and derive the condition for non-vanishing two-
point function which determines the non-trivial cohomology complex. -

We first define the BRST operator [19, 28]

Qfdsr = HgS dz,(z) explia, d(z)]:. (C.1)

The contour & is chosen in the same way as Felder did: z, goesfrom 1to 1 as a
closed circle. z; goes from z, to z,, for i=2,3,...,n. This is described in fig. 4
and we use the symbol € to denote this contour.

There is also another choice of the contour. Instead of restricting z;, for
i=2,3,...,J, in going from z, to z,, we choose z; to be the same as 2, contour.
This contour is denoted as #'. The difference between contours & and %’ is a
phase factor which comes from switching operators S*(z;) = ¢,(2) :exp(ia . ¢(2)):
to form an ordered contour. From the OPE of ,(z,) described in sect. 2 and the
OPE among the bosons, we can have

§*(2)8*(2)) = (2:~ ;)X VP8 (2,)§* (). (C2)

So in order to get the integral along the contour % from that along %, we have to
re-order the screening operators. This re-ordering will give us

n

£Il S‘%’dz,- ¥y(z;) explia, d(z;)]:

1 - exp[4min(a? —1/L)]
- exp|4mi(a? —1/L)]

1‘195 dz, () explia,$(2)]:. (C3)
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Then from the definition of « ,, eq. (5.10) and the property of p, g being coprime
we can conclude that

at —1/L=gq/p,
Q%BPRS',I,')Qg'l%ST (C4)
To have a well defined BRST operator on the Fock space, ;?J’ 7 Which we have
defined in eq. (5.20), is equivalent to have a well defined operation of Qs on

|®] :expliB;, ;$(0)):>. It is essentially the same as demanding the closure of the
outer contour z,. The condition is

k=j, and |n—2k|=|j—j (mod2[t+2u-2])|. (C.5)

The derivation is based on the operator product expansion of the boson and that
of the parafermion. By the standard method, we have

rexplic, @(z))]:...:expia, ¢ (z,)]: exp[iB; y6(0)]:

- Tz —z,,)z“*l—lzz““‘”" exp e, pr(z ) +iB;d(0) :

i<n

¥(z)) ---‘/fl(zk)‘pll(o)

=11(z-2,)" 2/'“]_[ z7 /L1 (: @], 2, (0) : + higher order terms). (C.6)
=1

i<n

Then after we make the change of the variables z; - z,u;, for i =2,3...k, and
demand the exponent of z, be integer, we obtain the above condition (C.5).

We next examine the condition for the non-vanishing of the two-point function
which determines whether there is a state that has non-zero overlap with Q4sr
@] :explip; ,$(0)]:). We first see the bosonic part:

exp[ia+ Y ¢(z) +iB,-,,-'¢(0)J :10)
i=1

e{Iay,..a,
n;

[if, B (]) ) =%, (C)
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Due to the similar argument from Felder, there must exist a covector, X;’"", in
(#"; ;»)*, which is the dual space of #?; ;, such that

j
= [T(z—z,)** [T22r. (C.8)

i<n i=1

The parafermionic part can be obtained in the same way:

<prw.(z1>...wl(z,-)¢,'(0)10>=H(zf—z,,)‘Z/L[Ilzr'/L-'. (C.9)

<n

So the two-point function is proportional to
(XPFng'j’IQgr){ST@; : exP[iBj,j'¢(0)] 5>

J
- l—lz /‘ du, u$2a+ﬁi_jr—l/L—l)(1 _ ui)z(ai-l/l_)g (u; - u")Z(aE,—l/L)
= <n

j
= I‘szduiugax—l/Lxl—j)—x(l _ ui)z(ai—l/l_)l—[ (“i _ u")z(a%,—l/u_ (C.lO)
i=

i<n

By the same procedure as Felder’s calculation to evaluate the above integral, we
arrive at

(xeexo"’|Q¥hst®] exp|iB;, ;0(0)]3)

r[1+j(e? -1/L)]

B (2'1'1'1')1._1
- r[1+(a? —1/L)]

(j-n!
=1 sin[wn(a? - 1/L)]
X el sin['rr(ai - 1/L)]

exp| ~im(a? —1/L)(j —1)]

(C.11)

So the non-trivial cohomology (non-vanishing two-point function) will give us the
constraint that 1 <j <p because p,q are two coprime integers. (Remember that
@ —-1/L=gq/p and a® —1/L = —q/p') By the same procedure but with the
a_ counterpart, we will obtain the constraints on j'. It is 1 <J' <p’, where p' is
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defined by

p=(pu+tg)/D, D=gcd{pu+tq,ug}. (C.12)

These two constraints on j and j' are just eq. (5.26).
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