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* Lecture 1. Perturbative integrability

* Lecture 2. Nonperturbative integrability: S-
matrix

 Lecture 3. Finite-size effects

Ref: N. Beisert et.al. “Review of AAS/CFT Integrability” arXiv:1012.3982-4005
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Plan

1. Introduction to AdS/CFT

2. Perturbative integrability in N=4 SYM

3. Classical integrability in string theory on AdSs x S°
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AdS / CFT duality

» Type |IB superstrings on A4dSs x S°
dual to
N =4 SU(N.) super-Yang-Mills theory

[Maldacena (1997)]
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« Parameter relations: _4m Rz_\a
8s = N. a’
2

with t Hooft coupling 4 = Negyy\

* Free superstring theory corresponds to a planar
limit of SYM gy — 0 = N, — oo with fixed A

« Quantitative check is tricky since it is a strong-weak
duality

— SYM perturbation for 1 <« 1
— String perturbationfor ¢/ <1 = A>1
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SYM Operator vs. string configuration

« Composite SYM operator
O(x) = Tr | XYZFx*(D,Y) ...
« String configuration in a target space

N\
N

N~

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology




T
s
=
C
L\
AL
\{
=
%)
=
lalb
=
K
A

Interacting quantum strings

*  Quantum gauge theory
Loop expansion
%)
e "
&=
Ec Genus
expansion

Perturbative gauge theory

free

Planar limit strings

quantum €
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Integrability line

A
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Appears in the planar limit

Perturbative integrability

Certain integrable models appear in perturbative computations
Classical string solutions from some classical integrable systems

Nonperturbative integrability

Exact results for any value of A

Only a few physical quantities are exactly computable so far

Anomalous dimensions
Worldsheet S-matrix

2011-04-01

5th Asian Winter School on Strings,
Particles and Cosmology

11




ACY

0

ugntum
gauge/string
Perturbative
gauge theory
‘\

A

2011-04-01

5th Asian Winter School on Strings,
Particles and Cosmology

12




.
Nl
—
(s

2011-04-01

5th Asian Winter School on Strings,
Particles and Cosmology

13




N=4 Super Yang-Mills theory

‘N=4 SUN:) SYM

T I 2
2r f d*x {—ZFEW + (D@ + 0%, 0P| + gDy — ifTa[ D, )(]}
SYm

e R-symmetry : N=4 SUSY so(6) = su(4)
Scalar fields : ®%, a=1,....6
 Gauginos X> X fundamental in su(4)

§ =

e All in adjoint rep. in SUW,) R-charge
A, 1
)(‘é )?2, 404
(2 6
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4d conformal field theory

One-loop B-function oy

3
Bzuagﬂ:—gYM 11 ZC——ZC =0

ou 1672 3

B =0 at all orders of perturbation

— Three loops in superspace formulation
— All loops in light-cone gauge

« No scale dependence

5th Asian Winter School on Strings,
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N=4 superconformal algebra

Lorentz generators L,

Translations : P,
Conformal boosts ' Ky,
Dilatation : D

- su(2,2) =so(2,4)

=

Supercharges :

—d
QCZCL’ > Qaf o

Superconformal bopsts :S%, S ,,

R_Sym metry . SU (4) 32 super charges —

2011-04-01 5th Asian Winter School on Strings,
Particles and Cosmology
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* psu(2,2|4) commutation relations

[ERER S R [N SO S D = A

[D. Qaal = 0. |D.04] =504, [D.581=25% [D.Saa] = 25
|\Luvs Pa| = =iGquaPy = mavPu), | Ly Ka| = —iuaKy — navKy)

|Pus Kv| = 2i(Lyy = 1vD)

{Gaus Taf = ¥2405Pus  (Qows Qun) = {05, 03} = 0

[P Qoa = [P 03] = 0. [, Qual = e Oyar [117.05] = i, T
(K", Qaal = V3 €S 50 [KH. 03] = vaye™s s

{Qaa,éﬁ} = v, .0aPu  {S4s §afb} =9, 300Ky, {55.5%) = {SaaSen) =0
K. 8] = [Kun S aa| = 0

{Qoa, S} = —ieapo™”! ORpy+ YagdaLuy - %eaﬁégD

2 M 1J4 y |
{Qa” Sﬁb} - lEafBO- bRIJ + 7{;85?%1; — 5 dB(SgD

5th Asian Winter School on Strings,
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« Conformal symmetry - No mass spectrum
. Conformal dimension spectrum for a local operator [D, O(0)] = —i A O(0)

« Loweredby K: O'(0) = [K,J,O(O)] — [D, O’(O)] =—i(A=1)0(0)

_ |D.K,| = +i K,
* Primary operator : [Kﬂ, O(O)] =0
. Descendent operators : (ex) [PwO| = =i6,0  [p.P]=-iP,
|D.8,0| =i (A +1)8,0

« Superconformal raising and lowering ops.

: 0= _Lo® ay - Lga 5. 1=t5
00w =300 DD ~5T S35 PTul T —— o
« Superconformal primary : ] l

a A _ T A _ —
[56,00)] = [Saa:00)] = 0 ron®__

5th Asian Winter School on Strings,
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Cartan subalgebra [D.R] = [L)W’ R] _ [D, L/W] 0

Irreducible rep. are given by eigenvalues of these operators

D Lyy R
~ ~ /—/\ -~ S .
( A 9SI’SZ|J13J29J3)
Scalar fields _ : _ . _ .
Z=01+1Dy, Y = D3+ 1Dy, X:CD5+ICD6
Z=0|-iDy, Y=D03-i0y, X=bs5-—idg
(1,0,0] +1,0,0), (1,0,0]0,«1,0), (1,0,0]0,0,*1)
Gauginos and gauge fields ;4 F. D
3 1 I 1 1 1 1
(5 §O|+§,i§,_2) (2,m,0]0,0,0), ( 5 5|OOO)

General gauge invariant composite operators
O(x) = Tr [O1(x)O02(x) ... O (x)]

Y2 -BPS operator Tr|z"| — (L,0,0|L,0,0)

5th Asian Winter School on Strings,
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Chiral primary or BPS operator

* Impose further condition [Qu.0©)]=0.  for some a.a

— Jacobi identity [{Qaa:e SE} ,5(0)] _ l_i%ﬁ (o "Ry - £agdtD + (ng(glaélw, 5(0)] =0

a

— For the Lorentz scalar operator : [z, 0(0)] = 0 o S B
. 10 0 0 1
1J ) b A, g —
o) |R17,0(0)| = A 62 O(0) 2 [0 1 0 o0 Bl Ot O ~
( )a[ ] a o= 00 -1 0 — ()
00 0 -1

— Satisfied if R-charge = conformal dimension A = J;
Tr|z"| - (L.,0,0IL,0,0)

— This commutes with half SUSY charges and conformal dimension is
protected and gets no quantum corrections

5th Asian Winter School on Strings,
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Anomalous Dimension

Conformal dimensions of composite operators

5mn
(On(x0n(O) = 3

Anomalous dimension is defined by A =Ag+ vy

can be calculated by
— Direct perturbation theory
— Renormalization group under dilatation

Operator mixing by RG dilatation

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology
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rturbative

Pe

computation

(ex) Konishi operator 0<x)=Tr[Zq>a(x>2]

lx —y

|2A

7 (A1)

XM

* Tree-level 5 (OEOM))
; } } g2 ) N2-6-2 RIS
(: Du(x)Pa(x)] = P HOLMIE 1), = [ 8?;/[] X
$ 4 t
g%(Méé‘SlB?‘Sab
872 |x —y2 2 f NdgaQs  2ni
2~ x|4|z TR & -yl
* One-loop ¢ 5 7
v g
<; Do () gPa(x)5 22 Dy D)2 : [ - f & ZTr(@ DD Dy)() )
t ¢ ! ’
A1\ 12 31 ) 1
(Or(X)OR(y)) = (87T2) Ix _y|4 \1 B 4_71,2 In(lx - i )] a X — y|2(2+3/l/47r2)
Y

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology
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— el ot O A

Under dilatation x — ax

O(x) = a_AO(ax)

One-loop corrections

e

Operator mixing (ex) su(2) sector

Dilatation matrix

{Tr (ZZZZXX].Tr[ZZZXZX].Tr[ZZXZZX].Tr [ZXZZZX] }

O = ZH(N)Oy,

_dzZ
dlnA

.z

B

2011-04-01

5th Asian Winter School on Strings,
Particles and Cosmology
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e Scalar fields {Z, Y. X. Z. Y, Y}
« Composite operators
(Tt |XYZXYZXZ---|,...| = Tr|®; -+ @ | = 0fyiy ()
 Two-point function i
P (0" ") 01y, )
* Tree level ~ Al
Frfres \ressrnnnnnnns $ir \
J2 Lig)
A )L ! 5j1 ---5jL + 6j1 ---5jL + ] cyclic permutations
82/ |x—y2L L h Lo ao YD
2011-04-01 5th Asian Winter School on Strings, 24
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* One-loop level : nearest neighbor only

(a) (b) (c) g S P ' i

>< E P .

* Wave-function renormalization VAN
7O = 1 A (25”“5” - alglinl = 5y, 800
1672 []4+1 i 1141 s+ 1
z® = 1-—Z_InA- s
1671' I 141
Z(C) — 1+LIHA 6Jl6Jl+l
871' bol+l
Z=1+ InA - (5. . s 25J1+1 5/ 25j15j1+1)
1672 ‘] /41 i i
» Dilatation matrix L Minahan, Zarembo (2003)
A
= —22 (1 P+ —Kzz+1)
S
2011-04-01 5th Asian Winter School on Strings, e
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Mapping to integrable spin chain

Finding the eigenvalues of the dilatation matrix is very
difficult problem but fortunately ...

Mapping the matrix to a Hamiltonian of integrable spin chain
has been discovered [(ex) so(6), su(2) spin chains]

(ex) su(2) sector (Tr [ZL] Tr [ZL—1 X] Tr [ZL‘"—lxzn—lx] ..... Tr [XL] |

One-loop dilatation - Heisenberg spin chain model

- Map: [ 1) =]Z), I)=[|X) 1 < L

— Vacuum state: BPS |0y = Tr [ZL] b= 82 ; [1=01 Gl
—  Excited states: -

NN YM.. )+ . =Tr[Z2XZXZZ 4+ ... ]4...

5th Asian Winter School on Strings,

Particles and Cosmology .
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Heisenberg model

—

k

* 1D spin chain, XXX model

L
H = Z (1_?l'?l—|—l)

=1
0 =1® -®ler'®le: @1 : oL oL Matrix

. (01 y_ [0 —i . (1 0
“=(15) »=(¢%) ~=(s 5

« Can be exactly solvable

* Reference : Lecture by Rafael Nepomechie

2011-04-01 5th Asian Wlnter School on Strings,
Particles and Cosmology
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ansatz equation

Eigenvectors |

p1,p2, ) = D A(pl,pz,o--)eﬁ'(”l’*‘”1+’”’2p2+“')|---ﬂ%ﬂ--'ﬂ%ﬂ---w---
ni,n2, =1
| M bj Pk 4 o
« BAE ont = [[ T2 TE oy m
=1 cot 4 — cot e — 24
k#j
uj+i/2\" _ ﬁ“j—“k“ utif2 _ p
uj — /2 L uj—up—i u—i/2
k#J
« Anomalous dimensions are given by the eigenvalues
A M op X ¥
1= S T o 2 2yl
» Actual solution of BAE for generic M, L Is non-trivial
2011-04-01 5th Asian Winter School on Strings, )8

Particles and Cosmology




 Cyclicity of the trace : n; = n; + L a
2P

« (Ex) Two “magnon” state :
) = T [ X222

N L :
uy + % ug —us+1i  ul+3% _
= 12 — ! 2 a5 > = ! %2 with U] = —uUo
A ni n2\
— —Sin2 L>>1>
=2 T 12

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology
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* Bethe roots so far were real but complex roots can exist
o L2 |imit:
— Introduce a complex pair of root with imaginary parts w; = uf* + ia

— For positive imaginary root: LHS of BAE (uj+7;/2+m)L ' e
uj —i/2 + i B \i,Q i
oV
— RHS of BAE : there should be another Bethe root which makesa _° o o
denominator vanish : ;, =« + i(a — 1) ° .
— Repeat the process until the imaginary part is still positive A‘ N
)

— For negative imaginary root: LHS of BAE (ZJJ_“;@:E)L =0
— RHS should vanish by adding ., — % 4+ i(_a 4+ 1)

— For finite # of roots, « should be an integer or a half-integer
* Bethe string

n+1-25.

ugn)zuR—l— t,, J=1,...,n
2

5th Asian Winter School on Strings,

20110401 Particles and Cosmology
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For finite L : strings are deformed
Low lying states are given by “long strings” rather than real

roots pm _ 3 1 __n ()
= . N2 T (u n2 = (uR2 1
S )y 0P E T WRT R S e
BAE for the strings can be obtained by Ny °
multiplying elementary BAE for each = 1
[ L
component of a string . o
— Elementary Bﬁ\E o .
in/2
er(upt = il;[ez(uj = uj) enlu) = ZJ_r 22;2
J
— BAE for strings
SuR i+ 1-2)/2+i)2  uf+in/2 W
jzluR+i(n+1—2j)/2—i/2_uR—in/Z_enu \gx Ve
M N m
_ 2 2
€n1(”§)L = EHJ,RK(M_]; - uflg) Enm = Cln=ml€n—m|+2" " Cn+m—2n+m
K=1

5th Asian Winter School on Strings,
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* s0(6) Is also integrable

] ny n3
I\L T T 12 B
1(w)- = ex(u; —uy) e_1(u; —uy) e_1(u; —uy)
3 sets of Bethe roots T L e D it
. /2 ny nj
+ — ~—
enlw) = ———2 U= [ et -u) ] |em1(? - up)
u—in/ Kt -
3 o
1= | [ea@d-w)| [e16) —up)
ki j ko
. ny ni 13
° SU(4) Dynkln ﬁ:(l,0,0), d”l :(1,—1,0), @’2:(071,—1), 5?3 :(0’1’1) G {‘r O
)
Z=(1,0,0)=4 L _ b
( ) /“: N e&a'ﬂ(u?) B l_[ 1_[ ed”a'd”b(l"‘j1¥ — )
X=(0,1,00=01-a b k=1
b.k ]
Y:(0,0,l):ﬁ—d’)l—df)z . (;)i(aw’)_’ )
Z = (~1,0,0) = i — 2 — @ — @3 W= M gy e
X=(0,-1,00=j-a—d - &)3 (J1,J2,J3) = (L —ny,n; —np —n3,np —n3)
Y=00,0,-1)=g—-3a — a3
L—ny ny—np ny
2:(XY)OI‘(Y?) n3:O - TrlZ---ZX--- Y... + perm.
2011-04-01 5th Asian Winter School on Strings, -
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ex) n;=2, n,=1 -
( ) 1 3 =2 Z---Z XY|+ perm. u%,ué,uz

Tr

. Total momentum=0 > # =-4

« BAE: e’ = e2yle i), 1= e_ (P —up)e_ (u* +uy)

\

=0 or oo

— u2=0 :XY-YX | |

2nn A mn

el(u%)L=1 — p1=T, 7=2—n281n2f

— U=w : XY+YX

_ 2nn A . m
eyl =1 - P1=7T—7 ’}’=2—]T281H2L_1

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology
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Superstring on AdS background
L § - -
* Type |IB superstrings on A4S 5 x S is described by
R? 5
s == | drdo [G,(,,fn)aaxmaaxn + GUAIS)g ymaayn 4 fermions]
(04
Metsaev, Tseytlin (1998)
: Bena, Polchinski, Roiban (2003)
1 x

-
we®
e
o = C
w

 Virasoro constraints X"X,+Y"Y, =0, X"Xp+Y"Y,+X"X,, +Y"Y, =0

» Classically integrable nonlinear sigma model on coset
Ad85><55 ~S504,2)/S04,1)xS06)/SO5) — PSUR,214)/[SOM4, 1)xSO(5)]

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology
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AdSsx S5 space Xj+--+Xg=1,  Yi-Yi--—-Y+Y¥:=1
Global coordinates

Y| + iY> = sinh p cos ye'1, Y3 +iY4 = sinh p sin ye'f2,
Ys + iYy = cosh pe”, X5 + iXg = cosye'$3,
X1 + iXp = siny cos e'?1, X3 + iX4 = siny sin fe'¥2

(dsz) AdSs = R? [dp2 — cosh? pdt2 + sinh? ,o(al;b2 + cos? wdqﬁ% + sin? wdqb%)]
(dsz) ¢5 = R? [dy2 + cos> ydap% + sin? y(d62 + cos> Gdcp% + sin? Gdgo%)]

Egs. of motion  4%,v,-AY, = 0, A=0Y8,¥", YY" =-1
aaaaXm — AXm = O, A = aaXmaaXm, Xme = 1

6 isometry coordinates % #1, #2, 1, 2, ¢3
Conserved charges
Ao .
S pg = \//_lj(; S VpYy = Yo¥g). I = x//_lfo

(850.512.834lJ12,J34,J56) < (A, 81,5211, 2, J3)

27 dor . .
Z—(Xan — XnXm)
s

2011-04-01 5th Asian Wlnter School on Strings, 36
Particles and Cosmology




A point-like [no o dependence] string which rotates on a
great circle of S° with angular momentum J — oo

Ys+iYy = eim', X1+iXy = eim, k= VA, Y1234=X3456=0

« Energy = angular momentum TN
E=J] = Vak e

! | x
]

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology
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Berenstein, Maldacena, Nastase (2002)

« A point-like string in the planar-limit R - oo with p, y > 0
ds* = R*|dp* — (1 +pP)dt* + dy* + (1 — y*)dg3 + p*(dQ3)* + y*(dQ)*| + O(R™?)

= R*dg; —di) + dr* — rdi* + dy” — y*dg3 + r*(dQ3)” + y*(dQy)* (r = Rp, y = Ry)
= =2dxTdxT — (2 + )X + dr + dy” + P dQs)T + YA L e et e
3 = ux e

* Moving on the null geodesic ¢ = g3
« Orthogonal directions have only quadratic fluctuations

r_+\2
s_xffdzl(aa)—(”“”)(x)] with p*=—
~ uR?

« Energy g-Jj-= Z Nn,/1+%n2 exact in all orders of 4

n=—0o0

 Relation to the SYM
0y o Tr[zf], E=1J

a a0y o Tr|x?z/+ ] E:J+2\/1+/1n2/J2

Sth Asian Winter School on Strings,

2011-04-01 Particles and Cosmology
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Gubser,Klebanov,Polyakov : Frolov, Tseytlin (2002)

Y
SU(2). sector of SYM_maps _to | L0
Consider a folded string which is i «
spinning in Rtx53—>p=0,y=g, 03=0 /ﬂE\

]

I =KT, 9] = WIT, ¢ = WT, —by < 6(0) < O

Conserved charges : o g o g
E = Yk, J; = Yiw, f — cos? 0(c), J» = Yiwsy f ~— sin® (o)
0 2n 0 2n

Effective 1d action:

27
S = VA do [K2 + 6 (0)? — w? cos” 6(0r) — w3 sin” 9(0‘)]
4 0
24 J> E(q0)
I+ K(q0) [Elqo) - (1 - q0)K(q0)]. K(q0)

Sth Asian Winter School on Strings,
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Neumann-Rosochatius reduction

et e

Arutyunov, Russo, Tseytlin (2002)

T

? @320

+ Astringin RixS’ - p=0,y=7

t = kT, cos (0, T) = ri(§), smb(o, 1) = ryé), ¢j(0,7) = wT+fi(§), £ = aor+pT

« Effective 1d Lagrangian (Neumann-Rosochatius):

2 | C2 2
2 2 2 TJ, 222 2 _
Lyg = ("= )Z ri (az—ﬁz)Z 2 + Wr; +A r 1
Jj=1 J Jj=1

« Conserved charges and Virasoro constraints

A K A 1 B 2
-2 = 2 § () +-Bre =
E_2ﬂafd¢f, JJ_27ra,2_B2fd§( —Cj+aw;r J) j=1CJwJ+BK =0

Sth Asian Winter School on Strings,

2011-04-01 Particles and Cosmology
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Exact solution Va Va Jé

Infinite J limit
& = 2sin(p/2) [1 — 4sin*(p/2) exp (—

2\/(1 - v)(1-eK(l-¢), J=2

2

2v

\

E=—L8& J=—-L9, y=-£
27r8 J 271'5 Y Q

1 —1v2e

| — 2

[K(1 —¢) -E(1 -6,

— v2e
2

1—-v

lE(l —€) — (1 = \/(1 —v2e)(1 - e))K(l = E)] ,

1 —v2el 1 ]
—II|1 — =]l —€e]|-K(l — €
1 —y2 [vz ( v2| ) ( )]

Finite-size correction

sin(p/2) 2)

l

Giant magnon

2011-04-01

Sth Asian Winter School on Strings,
Particles and Cosmology
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sin 5 p 0 — COS 5T
Cosf = , tany = tan—=tanhg, = _
cosh & 2 sin5
— Energy of the string E = Q sin 2
T

— S? angle 0 is related to the sine-Gordon field, GM is mapped to the SG
“Soliton” ® = 2tan (&)

— Dual to magnons in the SYM spin chain SRR NV |

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology
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* Two soliton configuration

— Two soliton scattering amplitude from time delay:

in2 P11P2
— i0(p1,p2) — P1 _ p2 Sl
S(p1,p2) =e ,  6(p1,p2) =4y (COS > €S, )leg s PL_P2

— Should be compared with strong coupling limit of exact S-matrix

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology




A

Dyonic giant magnon

Chen, Dorey, Okamura (2007)

¢ GM In R X 83 — |Zl|2 —I— |ZQ|2 — ]_ (Zl — sin 961.(7-—’_@1), Z2 — Cosgei(WT'i“-PQ))

sin § D - -
Cos ) = =, tany; =tan=tanh¢, ¢=ao+pT
cosh 2

— Related to classical complex sine-Gordon model

— Energy-charge relation: £ — J; = \/Q2 + 2 sin2 g, Jo=Q Q~VA>>1

T2

— Dual to magnon bound states “Bethe string” () ¢

5th Asian Winter School on Strings,

20110401 Particles and Cosmology
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All-Loop Bethe ansatz

 Conjecture: su(2) sector Beisert, Dipple, Staudacher (2004)

M .

- u; —up + 1

erit = ] [a%:j,:ck) 1= ]
k

k=1
k#j

p;
xji = etia

14,1+ 16g2sin2%i]

inZa
4gsin

_ _ 2:.2Pj g < 1 limit A oDj
A_M-M_;_:l 1+ 16g~sin 5 5sin22

g>1limit A Pj
-

7T
BMN limit A o _ 2mny
e 2% (=2

* Matches well with perturbative computations up to 4 loops

2011-04-01 5th Asian Wlnter School on Strings, 45
Particles and Cosmology




ES dressing factor

SR
A

Beisert-Hernandez-Lopez, Beisert-Eden-Staudacher

* Integral Representation: Dorey, Hofman, Maldacena (2006)
(derivation later)

x(z,y) = —x(y, )

o(z1,22) = exp{i|x(=T,23) +x(=7,23) — x(=T,23) — x(27,23)]|}

d2 1 1 'nr{1+i9(zl+z—11—32‘%)}

/|=1 ngg_zy—z’lnr[l—z’g (Zl‘l'%_zQ_%)]

x(z,y) = —i i j{z

|z]|=1 2712

« Match with all the existing approximate results including

classical string theory Arutyunov, Frolov, Staudacher
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Three-loop su(2) Konishi

su(2) Konishi Tr[ZZXX], Tr[ZXZX]

BAE: pi=-p2=p o~1+0(°)

ei4p: 2U+’l§
2u—1

1 p\/ 2. 2D
= —cot=,/1 16g<sin“ —
u= 5oty i+ 16y >

Perturbative solutions — »=2"—vae2+ 2341

Match with perturbative SYM

i
| \
One gets A =4+ 1292 — 4894 + 33696 + 0(98)
A
3§
4m2"
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u)

crture
e—'C’ture"Beisert-Staudacher

Full sector Con

—
)

Ox)=Tr|...ZX...ZY ... ZF,y...Zx" ... ZD,Y .. |

_____ P -
2 uyj —ugp+ 5 ﬁ =

1 —

R=1U1j — U2k = 5 =1 1 — 1/10,

oD l/:clja;jl_k

1 |

1 1

i i

1 1

1 1 . .

K K i K1, 5

i | l—fuzj—qu—% 3U2j_u3k+§1—[u23_ulk+§
I . 0 O

:(D ' o1 U2j — U2 Ty UDG — UL — 5 g U2 — ULk — 5

1

i i

1 1

1 1

1 i

1 1

1 1

1 1

K K +

L= T YsiT U2kt 3 77 %35~ g

= i =

® k=1 U3j — U2k — 2 k=1T3j ~ T4k

L

I R 372} . Ka ) Ugj — ugp 11
B — H o (934ja334k) _ .
Laj k=1 Uqj — Ugp — 2

SP ' Ky K

L= s K3 s = SEayy Ks T, — Tog 1—-1/z x7p
x I — I =—1II = 11 5

¥ ¥ ¥ +
k=11 —1/w4;@1) p=1 Tq; — T3 k=1 Taj; — Top k=1 1 — 1/24;27)

K K +
P Usj — Uk + 5 1T 55— Tap

7 . —
k=1 U5j — Uk — 5 k=1 T5j — T4y

1 1
1 1
1 1
1 1
1 1
: 1
1
1 1
' i Kg . Ks i K7 i
| Cl) - == Ugj; — Uk — ¢ ugj — Usk + 5 ugj — Utk + 5
1 1
1 1
1 1
1 1
1 1
1 1
1 |
1 1

: : 1 ) 7
k=1 U6j — U6k T 127 Uej — Uk — 5 —1 U6j — UTk — 3

K K,
6 uU—u@k—l—% 4 1—1/5(373:1};{_]4&

7 —
k=1 UTj — U6k — 7 k=11 — 1/2724
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trong coupling limit of su(2) BAE

* (ex) Thermodynamiclimitof su(2) BAE L, M — oo, wu;~ L

wu; +1/2 M Ui — U () 1 o 2 1
L|n~’+,/= In - k+,—2m‘nj — ===

€T L  Li— I
=1 ¥ ki T3 T Tk

—27rnj

* Bethe roots condensate and form cuts on the complex plane

\\\’ C=CiU...UC
\\\ IC{Z =CjU...UCg

e Define density of roots

1 M
p@) =7 8z — ;)
j—1
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Energy and momentum :

A g% 1 A p(x) | _1
T 8m2L2 =1 3332 8n2L JC :172 v
e ContinuumBAE: - = 2/ dy _ely) + 2mip(2)
xr —yx1:0
* Resolvent: () = p(y) _Z
L — Tl

G (z+:0) —I—G(m—zO)
 Quasi-momentum:
1

M

Z_

;1 1%y

— 2Ny

= ——|—27rn$, G(z+1i0)—G(x—10)
x

p(x)

JC x

de = 2m™m

= —2mip(x)

p(x) = G(w)—g — p(x+1i0)+p(x—i0) = 27N,

* Algebraic curve

_ _ oM
é}i dp = 0, éij dp = 27(n;—n;), j{qip(:t;)da: = QWZT

S5th Asian Winter School on Strings,
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Algebra

11C CUrves o

_i!
L

l'-h

'AdS/CFT

BAE leads to the following algebraic structure
— Eight quasi-momenta

— Discontinuities across the branch cuts

(P1,D2, D3, PalP1, D2, D3, Da)

pi(x +i0) — p;(z — i0) = 27n;;, r e CY
. T R A A - 5 A A A 85: (Ia§)3(17ﬁ)7(§:§)7(§:a)
tetl 522, je3434) Adss: (1.3).(1.3),(2.3),(2.3)
Fermions: (1,3),(1,4),(2,3),(2,4)
(1,3).(1,4),(2.3),(2,3).
D - X X X X -
gl _~ — ngg th’ )(§ -
i SEE IS -
_~ o e (4 oot~ pl
§9 3888 8% $989 ~
/ ~ ‘ ot (o CCCC CCoo f(((/ p2
e %_;44%—;44‘;7 D
S0 05§ S 0 51§ S
-~ © (4 4 4 4 CC CCLs _— p4
~ $989 §8 38
I:)3 -~ TG GL YA —
~ $ 9 ¢
P, — ) SIS —
2011-04-01 5th Asian Winter School on Strings, 5o
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* Properties of quasi-momenta

— Virasoro constraint :

{at, a4, B+, B+|at, a4, B+, 6i}—}—(9(1)

{ﬁlaﬁ23ﬁ3:ﬁ4|ﬁlaﬁ23ﬁ3aﬁ4} —

1+ 1
— Conserved charges / Py \ ( +£€ -8+ 8> \
P> +E+ 51— 62
P3 —£E-851-8>
Da :27T —E+ 51+ 5> _l_o(_)
P1 T +J1 + Jo — j?) i
P3 -1+ J2+ T3
\ P4 \ ~J1—J2—-J3 |
VA _ _
E = Twsc“—cgo z(p1(x) + po(x))
— Inversion relation from automorphism of psu(2,2|4) 91 2(z) = —p2,1(1/x) — 2™m

p3.4(x) = —pa3(1/x) + 27m
p1234(x) = —p2143(1/x)

Sy =+ i ;gj (1 _ 33—12) (il

8724

— Filling fraction

5th Asian Winter School on Strings,
Particles and Cosmology
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Plan

OO R S

All-loop conjecture
Spin-chain S-matrix
World-sheet S-matrix
Symmetries of AdS/CFT
S-matrix of AdS/CFT
Dressing factor
Asymptotic Bethe ansatz
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iIndamental question

Why does it work?
Derivation rather than guess?

Eigenvalues and Bethe ansatz for unknown spin chain
Hamiltonian?

What is the picture from the string theory?

2011-04-01 5th Asian Wlnter School on Strings,
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S-matrix program

2011-04-01

Symmetries

S-

matrix
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L
o XXX Hamiltonian H=) [1-Py]

e 2-magnon states

[Y(p1,p2)) = Axx(12)|X(p1)X(p2)) + Axx(21)|X(p2)X(p1)).
1 ny no L
XE)Xp)) = 3 f@mtrmd| 7% . x .. 7).

n1<no

satisfy =) = E(y, po)lv) = (4 sin? % + 4 sin® %) )

. : up — Uy +1¢
if Axx(21) = S(p2,p1)Axx(12) with [S(p2,p1) = uz_ui_i

T

One-loop X-X scattering amplitude

5th Asian Winter School on Strings,
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Su

et

[

3) spin-chain

Hamiltonian

e 2-magnon states

1Y) = Axy(12)|X(p1)Y (p2)) + Axy(21)| X (p2)Y (p1)) + Ay x(12)[Y (p1) X (p2)) + Ay x (21)[Y (p2) X (p1))

1 ny no L
(. _ | ’ | il
61 (P)d2(p)) = 3 PmFRn2) | 7. gy gy Z)
n1<no
satisfy  Hi) = E(p1, po)ly) = (4 sin? % + 4 sin? %) W)~ One-loop X-Y scattering amplitude
I Axy(21) \ _[{ R(p2,p1) T(p2.p1) Axy(12)
Ay x(21) T(p2,p1) R(p2,p1) Ay x(12)
Ur» — u l
T(pa,p1) = ———, R(py,p1) = ————
uy) —uy — 1 uy) —uy —1
e S-matrix -
S T R wri su(2) R-matrix
S = e oc l: ; <— symmetry of
S . magnons
2011-04-01 5th Asian Winter School on Strings, 60
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so(6) spin-chain S-matrix
* Hamiltonian = I 6
H = Z l_Pll+1+5Kll+l KO;®®d; =6 Z(Dk®q)k
=1 k=1

« Same as su(3) except the cases like X@)X@1)

b) > [A,5(12)16(1)8(2) + A5(21)[6(2)B(p1)) + A, (12)[6(p1)6(P2)) + Az, (21)[6(p1)d(p1)
b=X.Y

+A4|Z(p1 + p2))

| I

1 0l R i 1 g L
R T
p(pi)p(p)) = 3 ellbimtrm2d| 7. 4.5 ... 7) IZ(p)>—Ze"p”IZ -7 oes I,
n1<no
satisfy  #w) = Epr. oy = (45102 2L + 45in? 22} 1)
if Ay g(21) R(p2,p1) T(p2,r1) S(p2,r1) S(p2,p1) Ay z(12)
Agx(21) T(p2,r1) R(p2,p1) S(p2,p1) S2,p1) Agx(12)
Ay5(21) S(p2,p1) SW2,p1) R(p2,p1) T(p2,p1) Ay (12)
Agy(21) S(p2,p1) SW2,p1) 7T(p2,p1) R(p2,p1) Agy(12)
3 (ur — ul)2 B T—l B i(ur — uy)
T(pz’pl)_(ug—u]—i)(uz—ul+i)’R(pz’pl)_(ug—u1~|i)(uz—u1+i)’S(p2’pl)_(u2—u|—i)(uz—u]+i)
One-loop so(6) scattering amplitude
2011-04-01 5th Asian Winter School on Strings, 61
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* s50(6) S-matrix can be factorized into a tensor product !

« Define X=12, X=21, v=22, v=1i (u=uy—uy)
Xx _ QU2 _ ¢ ¢l1g22  Q¥X _ ¢@D(12) _ ¢ (21¢22 XY _ ((12)22) _ ¢ ¢l12¢
§XX = Suznay = A SAIS% SKY Sz = «,.«812,?”’; i =Stz = a 81252?’
XX _ qUID)2D) ; D 21 QXX _ gRDAD) | 21512 5, GVY | @D So ZIGIT
SA‘X = Sunciy™ S 2 §&-X_S(17)(21) oSSy SXX Saseiy AOS]QS?H
S A o ‘“ : S N WA
U —[— % 1 B u . 1 2 ‘.;:‘ ’.‘ g ‘- .. 1 -
u—i_@ w’Lo ﬁi&f—l-’—“\
u—z (u—z)(u—l—) i ) ( i ):(u—l)(u—Pz) wgr, (u—z)(u—l—a) 4 (u+z)
,L u (A7

(uw—1)(u—+ 1) (u—z)(u+z:(u—z)(u—|—z) (u—z)(&u-l——z})(u-# ) (U—Z)(U-F%) &

Sso(6) = S0°5&5S, So=(u*+ 1)1
u-+
S — S — u 1
7 U
u—+1
SO(6) - S0(4)~SUR)xSU2)
2011-04-01 5th Asian Winter School on Strings,
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Worldsheet S-matri>

« So far we considered S-matrix from gauge theory spin chains

* String perturbative computation (large A) of S—matrix is
also possible
— Fluctuation around BMN in light-cone gauge
— Effective Lagrangian contains
* Quadratic terms in terms of oscillator algebra [BMN limit]
* Quartic interaction terms

Ling ~ —= |05+ =y (p5 + &3 + 2072072 = 2y%?|

—|
Vi

« Can compute scattering amplitudes on the worldsheet
Klose,McLoughlin,Roiban,Zarembo (2007)
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_/_. et el

Scalar sector
suB) {2, XYY — su@) : Tr[Z---ZXZ---2Y---Z]
so(6) : {Z,X,Y,Z,X,Y} — s0(4)~su(2)ax su(2), : Tr [Z.--XZYZ---ZY--.Z?]

Fermion sector su(2,2) D su(2)a x su(2)y a,a=1, 2 ;a,6a =3, 4
Full sector Tr[Z---x1Z- - x2Z - -X3Z+++ZxnZ -]
4 r

so(0)r .
Ay 1 Any field except Z, Z
/\,”3 )?é 404 cba,d — Cbaﬁbaa Xg — cba%, Xg — waCPa, Dad = ¢a¢d

P4 i
— Excitations of N=4 SYM:
(; IZ) — cbad ¥ Xg': D ng s> Dad
— Each SYM field is a “meson” made of a “quark” and an “anti-quark™

A = (pa|tva) = (¢1, P2|13,9%4)

2011-04-01 5th Asian Winter School on Strings,
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Centrally extended su(2|2) symmetry

« Symmetry of the excitations: su(2|2) x su(2|2) Beisert (2008)
Lab ‘ @ab Ldb de
(Srer) (e
« Fundamental representation @ = (¢a|va) = (91, ¢2(|¥3, 14)
« Commutation relations

I I
L8] = obr - oot [Rf , Jy] = o - 5007,
| I
L2.3] = —sgrb+ sobue, [Rf , JY] = —auF + S0,
QF.Qf) = epe®C, (Q)*.QF) = ePeylt,

1
(@f.Qf) = RS + oL + ot

5th Asian Winter School on Strings,
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S-matrix from su(2|2) symmetry

S-matrix S=S®S, §— ¢ Beisert (2008)
Focus only one from now on 25 4 p1
S-matrix should commute with su(2|2)
o L | Qg )] o
bews space

Reformulate as algebraic problem

Yang-Baxter equation Arutyunov, Frolov, Zamaklar (2008)

S12(p1,p2) S13(P1,P3) S23(P2,P3) = S23(p2,p3) S13(P1,P3) S12(P1,P2)

X - X

5th Asian Winter School on Strings,
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el et s e e e

S-matrix defines ZF algebra

Al(p1) Al(p2) = 517 (1. p2) Al (p2) Al (p1)

Yang-Baxter equation appears from associativity

AlPDA )AL (P3) = AL(p2) AL (p2) Al (p1)
| J

| | U]

|

I
!

J
| J
|

Acting bosonic su(2|2) generators on ZF generators

[Lab ) AI} (p)]

RS, AL (D))

= (6200 —

— )
= (8983 -

E
1
S0DAN®P),  [RSAl@)] =0

shoh ALy, LS, AlL)] =0,

2011-04-01
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« Acting fermionic su(2|2) generators on ZF generators

LA = P2 [a(p)agAl(p) + Al(P) Q] |
QL AL(P) = e P/2 [b(p)eqpe® Al (p) — AL(p) Q1] |
Qi* Al() = P2 [c(p)eae® AL(p) + Af(0) QF7]
Qi Al(p) = P2 [d(p)sgAL(p) — Al(p) Qf°]

« Central charges act on
cAl(p) = e [ab®)Al(P) + Alp)C|
ctalp) = € [cp)dp)Al(p) + Al () CT] |
HAl(p) = [a(p)d(p) + b(p)c(p)] Al(p) + Al(p) H

— ZF generators form a su(2|2) representation if ad —bc =1
— Unitary representation if d = a*, ¢=b* Q. Q1= 8RS + AL + %628@}11
— Acting C on two-particle scattering states

e~ P1a(py)b(p1) + e P1TP 0 (po)b(p2) = e P2a(p2)b(pz) + e P12 (p1)b(py)

a(p)b(p) = igeipq

5th Asian Winter School on Strings,
. 69
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From these one can determine the parameters

+ + -
i (x n x T
a = /g1, b:\@(_—l)a c= V9T, d:\/§.(1—+)
n \z i in 0
1 1 ; + . .
:c+—|——_|_—:c_——_=3, w—_zew, n=eP/*i(e™ —2T)
T T g = TP ey
ot =t |1 14;;351;5'”2%, u=%cotg,fl+l6gzsin?g
_ 1 _ 1 2 . 2P
Central charge H=-ig(st - —o"+ ) = /1 +164%sin??
x i 2

— Comparing with conformal dimension at weak coupling limit and BMN

limit, one can conclude VN
g— g = a
Act the generators on the two-particle scattering states and
Impose

NN D
Lo | QY \ 4 f i3 L [ Q0 \ f
( ) Ai(p1) A;(p2)[0) = S; 7 (p1,p2) ( ) Aji(p2) A;(p1)[0)

0 o 0 ¢
@a ‘Ra \j @a |Ra

— Generates a set of linear coupled equations for the S-matrix elements and
can be solved uniquely up to an overall function

5th Asian Winter School on Strings, 70
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e S:16 X 16 matrix

Sia = A, Sga=D,
I 1
b _ ba _
Sap = 3A=B), S)p=5(A+B),

(aB)(ab) (ab)(ap)

s - Lp_ g, sfe_lpip).

apf ) af 9

1
ng - _Eeabfalﬁca
s90 = G, SIU-H. 588
2011-04-01

1
S?y% = —EEabEQBF 5

(ab)(aB) (aB)(ab)

0

§69 =1L E

G

K

n = n(p1)er2/?,

5th Asian Winter School on Strings,

¢ 2T Nimm
0—F ——
Xy =X M2
5|22, 0T = HD05 =05 + D] mmp
B (x7 —xDH(x7x —xTxd) |
2 1 1 2\ Y2 142 nmn
2;'%?)(5(351r = x;)nmz )
12 5 1%
(x] = XD = x)(] +x3)
Sol|l-2 e |
X = )X Xy = XX
5, 20 =G5 = )] — )
(x] = )1 = X x5t
(5 = x)yy - o(xg - )
(k= x)inn (7 — D)
gl = S
(] —xHin’ (x7 —xDi
m=n(p), 1 =np1), f»=mn(p)eP/?
71
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R-matrix of Hubbard model
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Dressing factor

 YBE, symmetry DO NOT determine the overall function
— Crossing and unitarity along with bound state spectrum

* Crossing symmetry from space<—>time

4 po AR} N N
=) =
S
time —_—
A =
'
I __>p1 4 po time N
space A S S
I
— space

* Unitarity :
S(p1,p2) - S(p2,p1) =1

5th Asian Winter School on Strings,
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« Crossing-unitarity from a singlet operator
I(p) = )/ (») Al(p) Al@) = —ie® Al (p) Al (B)+e*? AL () AL (D)

Charge conjugation

4+, 1

H: p — _H: —P

P2 P> P2 P2 Al = CFp2) Allp) Ale2) ALG2) — —
= C*(p2) 817 (p1,12) Al (p2) Al(p1) AL(52)

1.

— |c7k(po) 57 ST (p1, 52) W (p2) AL (52) Al
(p2) S (p1,p2) Sit (p1,P2) Pi(p2) Ap(P2) Aju(p1)

P1 'k 55"
/ = I(p2) A;[(Pl) x CIF 5f
P1
(a%_xi) (II_:‘U;—) J:_—a:—»_li +1’
So(p1,p2) So(p1,72) = - So(p1.p2)? = ﬂr 2 2 5(py,po)?
(=) ot =D RN RS

1 -
S 2 S
= — 12 2 M
o(p1,p2) o(p1,p2) = = : Janik (2006)
_ " — -
. T L1 %
u
* Zhukovsky map [rescaled «— ]
Y L1 1 i
- = — = _ :I: .
v T 9’ s xT g (u 2)
2011-04-01 5th Asian Winter School on Strings, )
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Forrealu: |z > 1

Branch cuts occur when

. . 1
Crossing cuts: . . ,+_, — -
X
1
G= - W ==
1
: + —9-3
) xr' — —
Janik relation can be written as
e e
G'(iE,’y) O"Y(Cﬂ,y) = w:rg yl = _ i = v
1fyi_ 1_:c+y— x —w(u:tg),y —J:(U:l:E)
Apply y_ contour QN R (P
— T T
@y etey =5 T 1 (*)
- Ty o $+y7

Define a translation D = e%&u : Df(u) = fut1i/2) = ePINf = §P

RHS of (%)

T~y zty- aty~ Ty xy

5th Asian Winter School on Strings,
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Define  o(xz,y) = exp{i|x(=t,y7) +x@",y") —x@T,y") - x@",v)|}
o1(z,y) = exp{i|x(z,y7) - x(,y )|}

Then, S
o (z,y) = exp{i[x@t,y7) +x(1/z7,yT) — x@t, ) —x(1/27,97)|} 01(1/33i )

(o) £C+
o (x,y) = exp{i[x(1/at,y7) +x(@7,y) — x(1/zF ) — x(=T 7))} (17% = ?;;")

LHS of (%)

|

(zF,y) o1(1/at,y) _ [oa(@,y)or(1/z, )] 2
o1(@",y) 01(1/a™y) _ [o1(@,y)or(V/a )™ _ o oD-Dt [T T
o1(z—,y) o1(1/xz—,y) [01($,y)01(1/:c,y)]D_1 e/ (x_y%)
D+D—1
x_i—i— D—D—1
r1(@ or(l/ey) = | 4
-

o1(z,y)o1(1/z,y) = exp {i [X(fﬂay_) — x(z,yT) + x(1/z,y7) — X(l/:r,y-l_)” = ee:Dpf: [[;((j,j;; i iii;jz;))]]}}

1\ —f(D)
o ey (L _D+D7!
ctlx(z.y)+x(1/z.y)] — (y) , f(D) = D_pD-1

VT

, z—1 . NP ) 1\ D
@)X ) e L)t/ w) — [ _ (x IR ) — (u— ) D)
VT T y
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: _ _ _ - —2 - 2
¢ USlng f(D)_D_D_l_1_D_2_1_D2_nz=:1D n_zz:Dn

_ NYX D2noye  pn Oou—v—in:r(l+iu—z’v)
* Onecanfind ©-»== - T T e T At

oilx (@) +x(1/zy)+x (=1 /y)+x(1/2,1/y)] — M(1 4 iu —iv)
(1 —iu—+ iv)

 Interms of u, v near the cuts

x(u ~+i0,v 4 i0) + x(u — 30, v + i0) + x(u + i0,v — i0) + x(u — i0,v — i0) = i r(1+_iu—z:v)
1 (1 —u—+iv)

 Riemann-Hilbert problem & +i0) - —i0) = F(w) — ey = [ 22/ [——=]

r2miw —u

2g+i0 o 2(u) — Z(w) 1“ 1

x(u) = (;L'(u) e )) E(u), F(u) = ( (u) — ﬁ) f(u) — x(u+i0) 4+ x(u—1i0) = F(u) — x(u)=KyuxF = ./—294{-!0 2min(w) - lej P F(w)
(u v)—lK * K *F(l—{—iu—iv)
x(u,v) = PRl u T — o= 70) Zhukovsky map

w

z = z(w), Z-l-l:f, z = z(u), :z3—|—l:E
294i0 o €(w) 1 1 z g r g
gTi — N

Ku*F = / w_ x(f)
—2g+i0 2772:1:(11))——( 3 — U

- j{ —12miz — F(g(z—l—l/z))——[

dz' 1 jg' dz 1
|2|=1 2@tz — 2

F(w)

29+i0 dw 1
1

2g-+i0 Qﬁl;c(w) — W

Kyx Kyx F = F (g(z +1/2),9(z' + 1/2’)) + (symmetric in u < v, x < y)

|2/|=1 2miy — 2/
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After anti-symmetrization of ¥ : integral form of the dressing factor

i 1 1 nMi+ig(ai+E-22-21)]

x(z,y) = —i §£ 12mj£|’|_12mx—zy—z Inl’{l—ig(zl"‘__ 2_%)]

Weak coupling expansion  , — ¢ ./ — ¢

x(z,y) = — CT’i(i,’)
r.s=1 LY
(g) = [27r d¢ 27rd¢ Jirdtise! InT [1 + 2ig(cos¢ — cos¢’)]
AL 0 InT™ [1 — 2ig(cos ¢ — cos¢')]
— QSIH( (rs))/ dt (t(i)— i)g)

era(a) = 3 g2 2(< 1) sin (E(r - s)) @ntr+s—DICntr+s)!

n=1 2 'n!(n+T)!(n—i—s)!(n—|—r_|_3)!g(2n+T+5)

o?(u,v) = exp{2i | x(@T,y) +x(",yT) —x@@T,vT) —x@,y7)|}
(u—v)(duv — 1) +0(6®)

_ 6
= l—|—256C(3)g (1—|—4u2)2(1—|—4’02)2

5th Asian Winter School on Strings,
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(D) -G —r+ s =M G471+ 5 - 3))
2(=2m)"(n — DI (G(-n—r+ s+ 3 (G(-n+r+s+ 1))

oo

Strong coupling expansion
. 2t O(g™t)

CT,S(Q) - Z Ql_n
n=1
O r_1 — Og.p —1)rts—1
L et S (-1) ;
TSs 0 T< —
1 1 1 1 1
O (z,y) = (ax+—y—) In (1—) 4=
T Y r Yy
1 1 B 1 1_ 1 i(v—u)
o(u,v) =~ wy¥ (1T Tyt
SR T Arut Frolov, Staudacher (2004
e —— $+y, rutyunov, Frolov, Staudacher ( )
* Compare with the classical string result from the sine-Gordon scattering
5 p1+po 4ig(costt—cost2)
_ _is(prpn) — [SINT T
S(p1,p2) = ePP1P2) = (SiﬂQpl_p2)
pl
 From exact S-matrix
Try — :.':+ 2 L= ;r;*laf 1- ;r;+1“+ s
S(p1,p2) = A(p1,p2)* = 5§ (xi _ml) ol e T 1 T B
2 1 zyay ot wy So(p1,p2)* = L ”2_1 2 0(p1,p2)?

R

.’I?Ji 2 ei""%, uj = 29 COSEj

5th Asian Winter School on Strings,
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Asymptotic

L\

.ﬁ

[l—lL!
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« At each crossing, S-matrix

N
e’bij H S(pjapk) =1
k#j,1

5th Asian Winter School on Strings,
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* When the scattering is non-diagonal

|

R D/

Both ends are identified (PBC)

Pk CLk

CL

I

*(p2,pj) - “(pn,pj) =1

252 @NbN

=/

» Transfer matrix /% . T(p;fp1,--- ,paD% = 1

a

* Need to diagonalize transfermatrix [Lecture by Nepomechie]

— Main difference is “inhomogeneity”

5th Asian Winter School on Strings,
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su(2)-invariant S-matrix

(a 0 0 0) AT
0 b cO U=y

Slu—v) = 0 c Z 0 O\
\ 0 0 O |

Ve e

2011-04-01 5th Asian Wlnter School on Strings,
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A Solution of YBE

* su(2)-invariant

a(u) =u—+1 b(u) =u, c(u) =1

* Transfer matrices commute - Integrable

2011-04-01
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 Monodromy matrix :

A(u) © w4
B(u) : u$+—{—{—{
Cw:  udoh——
D :  udsh——

e e

 Transfer matrix for the PBC

_ A(u)  B(u)
T(u) =Tr [( c(u) D(u)

)] — A(u) + D(u)

T(u) = U i 1 v S p—p—p—t———i=

2011-04-01 Particles and Cosmology
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 Ferromagnetic vacuum state  [444---4)

$LL P {IHIHIHIJ'

01 05
« Annihilation operator C(U)IUUU- --lL) =0

* Creation operator B(u)

U EA =

5th Asian Winter School on Strings,
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 Construct a general state

N

(W (g, ,upr)) = B(ug)B(uz) - "B(UM)|ﬁIUU.:.“ )

u1 gij:ﬁ:ﬁ:t@
u2

* Act the transfer matrix

T (ur, - upg)) = LA@+FD@)Bu1)B(us) - Blup)ul - )

T(u) = U St 1~ 4 GGt =

O N

2011-04-01
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 \We have seen that

b(u—v)D(w)B(u)+c(u—v)B(v)D(uw) = a(u—v)B(u)D(v)
b(u—v)A(v)B(uw)+c(u—v)B(v)A(w) = a(u—v)B(u)A(v)

* Act A & D on the state |¥> using CR
, 61 - Oy
A(u)B(u1)B(uz) - - - Blup) 44 - - J)

A(u)B(u;) = Z((u — u)jg(uj)/[( ) zgug — uib’(u)A(uj)
J 1 O\uy; —

D()B(ur)Bun) - Blup )| LU0 -+ 1)

DOIB() = B D e B Dy
Uy

* Only “wanted” terms contrlbute

5th Asian Winter School on Strings,
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* Eigenvalues

N

a(u; — a(u — us;)
AN(u) = a(u—0y) J —|— b(u—6y) J
nl;I1 H B = H H o

 BAE: A(uy,) = finite, b(uy — uy) = 0

ﬁ a(uk—é’n) B H a(uk j): ﬁ iy, = Wy A= 4

* Bethe-Yang equation:

zp(@ )L/\(Q ) = ezp(ﬁ )L H (9 —0n) H :Euk - i
n=1 Y —

1

2011-04-01 5th Asian Wlnter School on Strings, 89
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Asymptotic BAE for AdS/CFT

—

« S-matrix is related to R-matrix of 1d Hubbard model Beisert
— Both have su(2)xsu(2) = (¢alta) = (¢1, P2l93, %) = (1, DR, 1)

» Algebraic Bethe ansatz is applicable Martins, Ramos
 Monodromy matrix : 4 x 4
\ 22 14|

B B, By, F
C1 A1 A B
Co Az1 Axx B5
c ¢t ¢ D

=

* Transfer matrix T=sTr[7]=8+D— (A1 + Ax)
* Vacuum: 0) = (M) -+ (1))

5th Asian Winter School on Strings,
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* One-particle excited states | ®(u1)) = [Balu1) F¢] |0)

Constant vector

B(u)|P(u1)) = a3 wi(u)? [®ug)) + ...
D(w)|P(uy)) = as wa(u) |d(u — su(2) R-matrix
Aaga(u)|P(u1)) az 8% Be(ug) F* wa(u)l |0) + ...

az AV wa()ldu)) +... i Fb = A pe

« Multi-particle states [P) = [Ba(u1)F*] - - - [Ba(upr) F]|0)

[ M
Bw)®) = | ] aauuy)| wi(w)® [®) + ...
=1
_J'M -
D(u)|P) = as(u, u;) wg(u)L [P + ...
=1 |
[ M
Asa(w)|®) = | ] a3<u,uj)T<1>(u,uj>] wa(u)" |®) + ...
=1
. su(2)l transfer one BAE &
* Eigenvalues matrix

M M M |
A(u) = LH al(u,ug')] wy (u)l + LH as(u, uj)] wa(u)t — LH az(u, Uj)/\(l)(u,uj:)\z)] w3 (u)
H=il y

=1 =1

5th Asian Winter School on Strings,
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Inhomogeneity since vacuum consists of particles with momenta

M L M L M L
A(u) = LH al(’u:uj)] IH wy (u, 9;«)1 S LH az(usw)] IH wz(ﬂﬁk)] S5 LH az(u, uj)/\(l)(u,Uj;r\z)] {H w3 (u, 9&,)]
= = j=1 k=1 ;
( J

k=1 =1 k=1

|
Another BAE from A(u.) = finite With @1, uj) = ea(uj,u;) = oo

L wl(uja Hk)

=y w3(uj, 0r) A ({urd AN

Bethe-Yang equation: wz(6x,6x) = ws3(6;,0;) = 0

M L
eip(ﬂj)L/\(Qj) — eip(@j)L [H al(gj:uk)] {H Wl(gja gk)] =
k=1 k=1

Considering the two S-matrices: two wings of BAE and
Bethe-Yang equation

ePODLNO;, {ug DAO;, {ur}) = 1

5th Asian Winter School on Strings,
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.

\ - ‘ '4 B) ¢ b .
Asymptotic Bethe-Yang equation
A i K K
(R o fpmemrs aomd
LT k=115 — U2k — 3 =1 1 — /@124
| ! K K K
ECD: . l—fUQj_UQk_Z 3u2j—u3k+% Ly —uip+ %
1 - o
i | k=1 U2j — U2k + 1y uoj — ugg — 5 =y U2 — Uik — 5
. - K K +
i i 1 — TT Y8~ vkt 5 77 %3~ Tax
; —
m ] ® ' k=1 UY3j — U2k — 3 k=1 T3] ~ L4k
Lol L
+ :
T, —uqp + 1
I H o (5343,3?4;;;) ah T
K K x Ks ,— K -
- ._.: y 1_[1 1-— 1/:U4J,’-a:1;€ 1_I°> Tyj — T3k ﬁ Tga; — TSk ﬁ Il = 1/$4jx?k
P 11/t - o 11/t
: ® : k=1 /$4j$1k k=17T4; — L3k k=1 T4 — L5k k=1 /$4j397k
1 K . K
| 1 = H‘S'“Sj—%kJr% 4 25 — o,
1 [ _ i , —
: (D : k=1 U5j — U6k — 2 k=175] — Tak
' ! Ke _ _ g 85 e — e L BT L
y ' 1 — H Ug; — Upk — 67 5k 2 67 Tk 2
I I UG — UG + 1 . R - .
:® : k=1 46 6k k=1 U6j — USk — 5 k=1 Y65 — UTk — 3
1 I K ;. K
| I | 1 = 6 uTj — Upk —I—% 41— 1/$7jfcj__k
- kl;Il u7j — gk — kl;ll 1 = 1/z7jaq,

2011-04-01
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Simpler form of BAE

Dyn amiC transformation Beisert, Roiban; Hentschel, Plefka, Sundin
K17 — Ki17-1, K3s— K3s+1, L—L-1

L'=L-K - Ky

K . K3+K i
1 — T Y2iTuok =i prtugj—uskts
p=1U2j U2k T oy ugj—uzp— 3
K i K
T8 Uz —uakt 3 Tf 73— g
7 . —
k=1 Y3j — U2k — 3 k=1T3j = Tag
!/
+\ " K K3+Kq .~ Ks+K7 .~
— = ]I o°(zaj, za)— : o o
:E4j k=1 'u,43 —Uqp — 0 k=1 $4j — T3k k=1 £E4j — Tgk
K i K +
L — T Ysiuekt 3 7 ¥5i~ Tak
2 . —
k=1 U5j — U6k — 2 k=1 T5] ~ T4k
K . Ks+K :
. ﬁj ug; — Ugk — i or " ugj —usk + 5
k=1 U6j —Uek T 1 =y Ugj —Usk— 35
2011-04-01 5th Asian Winter School on Strings, o4
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Plan

1. Wrapping effect
2. Luscher corrections
3. Thermodynamic Bethe ansatz method

4. Y-systems

5th Asian Winter School on Strings,
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Four-loop su(2) Konishi

su(2) Konishi Tr[ZZXX], Tr[ZXZX]
BAE " P1L= —p2=p, 0= eQiH(p’_p)

6 2 1
4D — —iT2v/3((3)g8 2U 2u+1 " — —cotg\/l + 1642 sin2 p
2u— i 2 2 2

6 (u—v)(duv—1) 1

2 ~ = I
o (u,v) = 1+ 256¢(3)g 0+ 20)2(1 T 402" U= U—Qﬁ

Perturbative solutions r=735"Vv3s+—9'- 3
BAE result;

Agag = 4+12¢°—48¢%+336¢°-{(28204-288¢(3))

g®+0(¢'9)

Perturbative SYM calculation Fiamberti, Santambrogio, Sieg, Zanon (2008)

Apert. = 4+12¢°—48¢g*+3364°-{(2496—576¢(3)+1440¢(5))4°+0(g1?)

BAE is wrong at the 4-loop level

5O = Apert.—Apag = (3244-864((3)—1440¢(5))¢®+0(g1°)

WHY?  Finite-size effect !

5th Asian Winter School on Strings,
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Wrapping problem

High-order Feynman diagrams connect operators farther
away

When the length of a composite operator is shorter than the
order of the perturbative expansion: unphysical(“wrapping”)
Interactions appear

- BAE is valid only when the length is infinite
The length of spin-chain is another important parameter

te’
|k

OAANAAN
&

ARAAAAND A
.. ‘]
* | AMEAAAANA
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Giant magnon in R x S*

» sine-Gordon model with a finite size  Arutyunov-Frolov-Zamaklar

P 1 o-— 1 — w?v?
cosf = /1—v2dn| — 2 ver | nzz—wv?
VT /1 — 0202 w2 (1 —v2)

[n—>1, 'U—>COS§, w—>1]

ink
Slrl2

cosh ¢’

Q

 Correction to E-J relation

E—J ~ 4gsin g—l6gsin3g exp [— (

L

in D
2gsins

i
Finite-size effect

5th Asian Winter School on Strings,

2011-04-01 Particles and Cosmology

99




athods

|

weak

Luscher
S
40
=
. Thermodynamic
e > Bethe ansatz
m  Loop expansion
>
§ wrapping
;é* expansion
o

Y-system

Asymptotic Bethe ansatz

Finite angular

momentum

—

strong

curve etc.

O A

5th Asian Winter School on Strings,
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Thermodynamic Bethe ansatz

'4,4‘__, e

* From S-matrix to the finite-size effect

* Al. B. Zamolodchikov (1990)

5th Asian Winter School on Strings,
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2d Euclidean geometry with PBC
Physical space Mirror space
Y
N
L
8 }m)
8 “Le o o o o 0 * o o
T T _— R — o
e - space
o = LiE _
E c—H(L) g —H(L) = } —H(R)
— L W space R = oo
space L
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Mirror channel

— An elementary excitation with a dispersion relation (&(u),(u))
J

— S-matrix and scattering are valid only when R—oo
— N-particles in a box of length R
. N
— Bethe-Yang equation i#(up)r [T SCuju) =1
— Partition function e g
Z(R,L) =Tr [e—LﬁI(R)}
Physical channel
— Dispersion relation (e,p) = (—ip, —i€)
— Partition function Z(L,R) = Tr [ MHD)] x = fFolL) a5 R — oo

- 1 ~ L ~
Z(R,L)=Z(L,R) — Eg(L)= == InZ(R,L) = }—3.7-"(1}) Free energy with temperature

1
T=—
— Computing free energy in the mirror space .

F(L)=E-TS

5th Asian Winter School on Strings,
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* Mirror free energy with v, R —

any integer

— Log of Bethe-Yang equation : l
_ i Y AN - ;oo d N — -
p(uj)*nglln S(uj, ug) —QWEJ — p(uj)—l—/up(u )Eln S(uj,u) —QﬂE .

e % ot / du’ﬁ(?ﬁ')i{i In S(u,u’) = 2r[pp(u) + p(u)]

s

S _ _ldn _ ldn
- Energy = jgl e(uj) = Rfdu p(u) é(u), p(u) = Rdu pp(u) = Rdu

— n = # of particles,
— dn = # of particles with u-values between u and u+du
— n = # of unoccupied (‘holes’) states

— Entropy : log of # of cases s = R/du [Con + p) In(pp, + p) — pp,In pp, — pln p]

— Freeenergy: |LF(L) =R [du{L&(w)p(w) — [(on + p)In(on+ p) — o110 1, — pIn ]}

— Minimize free energy with the constraint of PBC

5th Asian Winter School on Strings,
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* Lagrange multiplier
Flon,pl = R [ du {La(u)p(u) — [(pn + ) In(pp 4 p) = ppIn pp, — pIn p] = Au) [ph(u) +p(w) - [ %I( u’>p(u’)] }

1
K(u,u") = ;% In S (u,u’)

5 5 Inpp, — [INCpp, + p)] = A(uw) =0
5 Flpp, p] = ——~Flpp, )l =0 —>
pp(u) p(u) LE@)—[In(py, + p) — In p]— )\(u)—i—f el A = 0
u e(u) = In[py/p]
e TBA eq e(u) = Le(u) — / g K(u u) In [1 + e—e(u )} h

* Minimized free energy : plug into F and use TBA and partial integrate

Eo(L) = —/g—z P (u) In [1 + e—e(u)}

* Generalization
— Multi-species
— EXcited states
— Non-diagonal S-matrix

5th Asian Winter School on Strings,
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Multi-species : with dispersion relations  (é,(u), n(w)), n=1,...,.M
S-matrix:  Sam(u,u’)

TBA eq. en(u) = Lén(u)— Z / G w)in [1 4 e=on()) o) = 22 11 S

Ground-state energy : | Eo(L) = - Z / du 5 (u) In 14 ¢en()]

Eo(L) = /;l: p(w) yln [1 + e—&(u)}

Excited states : partial integrate iy
e(u) = Lé’(u)—{—f;i In S(u',u)d,, In [1 + G—E(U’)}

If In[14+e )] =0 deform the integral contour and residue integrate

Mirror momentum Physical energy Dorey,Tateo ( 1996)

E(L) = - ZZP(U,)-I-f p(u) duln {1+6_6(“) e(u,) / P'(u) In 1-|-e E(“)}
j

e(u) = Lé(u)+z In S (u,, u)—/ i—iK(u’, w) In {1 + e_E(“’)]

5th Asian Winter School on Strings,
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Multi-species excited states :

M
B(L) = Y en ()= Y [ S8 f(u) In [1 4]
i n=1

En(U) — Len(u)‘l'z In Sn“n(u“ u) Z / Knm(u T.L) In [ e-m(u")]

Non-diagonal S-matrix :

Diagonalize the transfer matrix to derive “Bethe-Yang” or “asymptotic Bethe”
equations

Interpret these as PBC conditions:
— “physical” (momentum carrying) : Bethe-Yang equation
—  “magnonic” (no momentum) particles : Bethe ansatz equations

Read off “effective” diagonal S-matrices
Apply TBA equations derived already
(ex) su(2) S-matrix

N M o .
”’(e)LH Q—Bn)Ha(“k 9) _ HM le
n=1 /T\ *"f n=1 'T‘ jFk,j=1 4\1
Spp Spm Smp Smm

5th Asian Winter School on Strings,
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= _ @ Pt 2 Oy \ = 14 mpllg
Diagonal S-matrix for AdS/CFT
— et —_J ————— o, — — it it it — —_—— — — — — — it -~ — —
512\2 5;112\3
Ko . cKa+K[ + &
1 — H U5 — U2k — 1 H U5 — U3k 2
u2j — ugp + i U2j — U3 — 5
k=1 J k=1 24 3k 2
e <2 5 K T
32 1 = D: uzj — Uk + ) l—il 37 — Typ >S34
k=1 U3j — U2k — 3 k=1 T3j — Taj
/
+\ L Ka :
Ty, UL — Ugp + 1
e = TI|o?(xaj, wap)—2——2E >544
Ta; k=1 Uqj — Ugp — ¢
Sa3 TKE‘lj_[_—’l Taj — $3%K51—|__[K7 Tp: — Tk
“ £
Kg i Ky + Mo M3
UK 4 u - re, — I
1 = & 6k+12 2 1 = ][] Soo@jzor) [I S2a(a2), xak)
k=1 U5j — Uek — 5 k=1 T5j] — T4} k=1 k=1
Kg o . Ks+K7 . i My My
1 = ]I U6j — U6k 7’ u6j — Usk +2 1 = ] Ssozzjzor) [[ S34(235, var)
h—1 U6 —Uek T L uej —Usk — % k=1 K—1
M, M3 Ms
1 = ePilt T] Saa(waj zar) [ Saz(zaj,xsr) [ Saz(zaj,si)
Mg My
1 = ][ S32(zsj.zer) [I S3a(wsj, var)
Mg Ms
1 = ] Soo(zej zer) || S2z(zej, vsi)
k=1 k=1
h Asian Winter School on Strin
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String hypothesis

AdS/CFT contains infinite # of bound states and need their ABAEs

The bound states belong to higher dimensional representation of su(2|2)
and their S-matrices can not be determined by su(2|2) but need “yangian”
symmetry

Bypassing derivation ABAE for the bound states, one can find the “diagonal”
S-matrices by studying the string solutions by a similar logic of su(2) case

Classes of strings 4@, 3s5: 3m, 2N

0 |ua . |us — * |ug
[ ] [ ]
@
[ ] [ ]
Q<—.> ——>-M N<—.>
o [ ]
[ ] o
o _
_ [ ] —_ [ )
4@ 357 3M 2N
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Diagonal S-matrices

SggQ) — UQQ;EQQ/
QM) _ w(u_qg) — z(vy) z(u_g) —x(v_p) =(ug) M1
43

= r(ug) —x(vyr)  z(ug) —z(v_ps) x(u_g) jl;[l EM—Q-2j

S(Q5) _ x(u—Q) - x(”)(s JJ(’LLQ)

= z(ug) — z(v)d z(u_g)

MM MmH~1
S:(as ) = 552 :

= Enpg
5 §
S.gsje\»/[ ) = S%J ) = eM

u+inf2g

en(1e) = u—inf2g

— 2 2
Enm = e|ﬂ—m|e|n—m|+2 Cnem—26ntm

=upy, X (up)+

x(upp)+

1 1
x(ip) ) M T ) T g

Asymptotic BAE for these strings can be constructed straightforwardly since
the scatterings are diagonal and TBA can be derived accordingly
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TBA for AdS/CFT

* Thermodynamic BAE Arutyunov,Frolov; Bombardelli,Fioravanti,Tateo;
Gromov,Kazakov,Kozak,Vieira (2009)

&9 = Loy - L@+ k§D _ L{D  gMD _ [0, gD

M = @ k@M MY g (MM 10) g (OM) AxK@) = [ Z—fA(uvK(u’,u)
N N’ N'N ) N
Gg ) = Lg ) * ng ) _ LL(% ) * K§2 ) Ké?m)(u,uf) = —idyIn Sézm)(u’ u’)
P = P K - 100 kD 1 sy
« Physical dispersion relation en(p) = \/n2 + 1642 sinzg (e,p) = (ip, —i€)
e Mirror one én(p) = 2sinh™1 (411/]52 12 n?)
g
o o o o0
 Finite-size energy Eo(L)=— Y f;i_u 7, In (1 n e_ggQ))
Q=1 " <"

Excited TBA by analytic continuation or by “Y-system”
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One can introduce kernel which connects only nearest neighbors

_ g
sl —e) — (K —l— 1 1 , S\u) —
J\;N MN (T )MN (w) 2 cosh gru
Incidence matrix of = lg InS
a Dynkin diagram i Ou
g (MM
(ex) bound-state S-matrix of su(2)-invariant theory 33
S(”m)(u—\/) = Epm(u—v) = eln—mlelzn—ml+2 T ei+m_2en+m(u—1}) Sfng :
O—O0—0—"0C0— Iun=0MN-1+OMN+I

— universal kernel for AdS/CFT (2d Dynkin diagram)

S — K
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 Define Y-functions:

(Q) (M) (N) (6=-) (6=+)
Yoo=e %4, Yyp11=€e 8 , Vi1 =€2 , Y11 =€3 ', Yoo=¢€%3

* Add another side of su(2|2) S-matrix

(@ _ (V) J(6=-) L6=+)
YQ,O =e 4 , Yﬂf—l—l,—l =e 3 Yl,—(N—i—l) =e2 |, Yl,—l =e3 - YQ’_Q = e3
 TBA with universal kernel
InYy,pr = s[In(l + Yy pre1) + In(1+ Yoy g |=sx[In(1+ Ya 00 +In(l+ YRL, )]
— “deriving term” can be absorbed into boundary condition

AN

1.
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* Numerics for sl(2) Konishi
2
Tr [D, Z]
C | T T T T T T T T T T T T T T | T T T T T T T | T T T ]
I e |
10 - -
i Beisert, Eden,Staudacher i
i ABA Gubser,Klebanov,Polyakiov
ol e i
i A4 41,904 A7 4 0 (A73/4)
8+ “s . —
A NG |
I Y-system numerics I
7k Gromov,Kazakov,Vieira i
6 _
i 5 loops and BFKL from string
i Fiamberti,Santambrogio,Si¢g,Zanon
L 5 3 4 Velizhanin i
51 Komishi = 21 12X — 48X 336\~ + 96 (—26 + 6((3) — 15¢(5)) A Bajnok,Janik _
i 96 (~158 — 72((3) 4 54((3)? + 90¢(5) — 315¢(7)) A° + 0 (\6) Gromov,Kazakov,Vieira 1
i Bajnok,Janik,Lukowski ]
L millions of 4D Feyn man grap hs! Lukowski,Rej,Velizhanin,Onlova
4 1 1 1 | 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 | 1 1 1 1 | 1 1 L
0 100 200 300 /l 400 500 600
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Difference from GKP scaling

Konishi state

Gromov,Kazakov,Vieira (2009); Frolov (2010)
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Y-system

* Thermodynamic BAE is integral equations Al. Zamolodchikov (1991)
 Difficult to generalize to excited states
* Y-system is a system of functional equations which can be derived from TBA

— (ex) su(2) InYn(u) = Z Tyag s % [In(1 + Yy)] (@)
M Fourier trarélsform
InYn(k) = ; Iy s [nCl + Yapl(k), fk) = f\/% f(u) e'ku
2 cosh X I Twh) = > Iy I+ V), 5(k) = ! -
2g ] 2 cosh 7g

lnYN(u+2L;g)+lnYN(u—2ig) = ;INM [In(1 + Yap)] (w), Yﬁ(M)EYN(Hii)

Vi@ Yy = | |00+ Yao)™ = [1+ Yy @] [1+ Yye1 ()]
M

— AdS/CFT (I + Yy p+ D) + YN p-1)

—1 -1
(1+ YN+1,M)(1 + YN—

Y jJ\rf,MY NM = Gromov,Kazakov,Vieira (2009)

1)

e Solutions for the Y-system are not unique and include all the excited states
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TBA in IR limit : Luscher correction

* Analytic analysis is possible when L&, () is large
* Consider two-particle excitation for one-particle species theory
4 /
— TBA eq. e(u) = Le(u)+In S(uq, u)+In S(us, u)—[iiK(u’,u) In [1 + e—<(w)
o T

— Constrainteq. 14 e—€ui) =0

— Energy E(L) = 6(U1)+e(uQ)—/;—: 7 (w) In [1 + 6—6(1&)]

* Intheleading order
— In the limit Le(u) > 1 — e(u) =~ Le(uw)+InS(uq, w)+In S(us, u)

— Bethe-Yangeq.  ¢=(u1) = o= (u)lg(y, 1) = —1 -

— Finite-size correction for energy

- . d_u ~ —Lée(u) 1
FE = 6(%1)+6(u2) Qﬂ_pe S(U]_,U)S(uQ:u)

= e(u1) +e(en) — [ SO (u,u)S(wu2), 4= B(w)
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In the next order : keeping an exponentially small

! (o !
e(u) = Le(u)+In S(uq,u)+In S(u2,u)_/ii[((ul,u) i [1 + o~ Lé(u")
J 27

— Impose the constraint 1 4 o—<(wi) — g

0 = '09{8%Lp15(uz,ul)}+/ 7(81.',5(% 1)) S (u, ug)e LW
BY: 3 y
0 = log{e'?25(uy, up)} + f —S(u 1) (8uS (u, un) e~ LEW)
BY» .
— Energy
dq _ ;>
E = e(u1) +e(up) + ¢ (p1)dp1 + €' (p2)dp2 — [ e bes(u, u1)S(u, uz)
with
OBY- 0BYq
Lopr + ——Lopp+ @1 = O
83101 83232
BY- BY-
25131 + 5172 + P>, = 0
op1 dp2

5th Asian Winter School on Strings,
Particles and Cosmology



Wrapping correction for 4-loop Konishi

o OA = Apgrt—Apag = (3244864¢(3)—1440((5))g®+0O(g'°) Bajnok, Janik (2008)
* Luscher formula: (L=4) [Uterm vanishes]

< d o
E(L)= ) ea(Pk)—/ 2q > (—-1)F [Sa2i(q, p1)Sataa, p2)| e L2, (a)
k=1,2 J=00 2T a1,a5

— Exponential factor using the mirror dispersion relation
- - 1 /2 _2Lsinh—1 Vit 4L g2l
e = 2sinh~ 1 [ —\/524+n2| : e 4g O S
n(P) (49 p°+ ) (n2 L q2)L

— All the bound states contribute to the same order and one needs the matrix element and
dressing factor for these in the mirror space (sl(2) grading)

~ 0(g®)

— After some algebras, the integrand becomes

B [-x dq 147456Q2%(3¢% + 3Q2 — 4)2 1
J—00 27 (g2 + Q2)*(9¢* + 6[3(Q — 2)Q + 2]¢? + [3(Q — 2)Q + 4]2) 9¢* + 6[3(Q + 2)Q + 2]¢% + [3(Q + 2)Q + 4]

— Residue integrals
s |- num(Q) | B64 1140
g=1 | (9Q% —3Q2+1)4(27Q% - 27Q* +36Q2 +16) ~ Q3 Q5

num(Q) = 7776Q(19683Q% — 78732Q° + 150903Q* — 134865Q12 + 1458Q10 + 48357Q% — 13311Q° — 1053Q* + 369Q% — 10)

SE = 324 4+ 864¢(3) — 1140¢(5)
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* Energe correction for a single Giant Magnon J > g1 JanikLukowski (2007)

J
—(zgsmg“)] .

* In this limit, the leading contribution comes from [ term

SE ~ —16g sin3§ exp

31 : __L__
sin2? _4?}31) e 02(q*,p) o 29sin2%
* uterm Luscher formula 2 gsin®;
. e'(p) b ¢
0L ~ —i [1 - ' (q*) -qre(_j, ;Sbg’(q,p) e

— Leading contribution from elementary GM
—1

— Polearisesat ¢" = —
2gsin

— Using AFS dressing factor o2 (q*,p) = —2g° sm“QJ e P

— Combining together

: “2gsnl
SE| yscher = —16g S|n3g e 295N32
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Y-system and Hirota equation

Hirota eq. for T(ransfer matrix)-system Gromov,Kazakov,Vieira (2009)
— Y-system o (I +7,, s+1)(1 +Y,5-1)
a,sd, S _1
(1+y! i, S)(l + Ya_l,s)
Tgse1Tas-1 . _
— (Can be satisfied if Ya,s = Ta,s:— Ta,sl with Tchr,sTa,S = a+1,sTa—1,s+Ta,s+1Ta,s—l
atl, st a h)

E(L>—ze1<u4j>—z 5% B (1 Yao(w)

IR limit Lé,(u) > 1

LE () _ (2 ) -
Y, 0~ e Lalw) = . <1, Y,ex0— const.; z™(u)=z(utik/2)
oo (1+Ya1)(l+Ya 1) (1+Ya1)(l+Ya.—1) Yio¥Yao ToiTo Ty1To
YooYao = = - - 1 - = (I+Y, D)(+Y, 1) =
’ ! (1 + Y o 0)(1 P Y - [)) Yf:+l 0 Yﬂ 1.0 Ya+I.UYu—I.U Tc:+l,lT(r—I.l Ta+l,—]Ta—],—]
S L gleal
a0 — La,14a,—1 m ’ W
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 Find Tg+1, ¢

— T, from eigenvalue of transfer matrix

R—(+) Q:[2—2]Q§F R—(—)QéF Q[QQ]QI B+(+)QI

T = _ _
NS RO | Qs R T e BT
Q) = [[@-u+1j), RP W) = [[ %52 BF(w) =] .
j=1 l =1 (a:l:;)l/Q l e (:E;E)l/Q

— From the constraint equation Y ((uy P=-1 which should be asymp. BAE,
— _(_ _ _I_ .
b =G_QB+(+)R ( )Bi"B3 B B:
¢t B— () Rp+(+) B{B;L B;B;r

* Generating functionfor 7,,,: D= ¢ 0

o 2] ~— -1 -2 _ -1
W o— _B+(+)QlR (+) 1_Q[2]Q1R (+)D 1_Q[2 ]Q;R (+)D l—gD
B+t R-() Q2Q7 R—(5) Q2Q3 R—(-) Q3
~
wt = Y (-1)"T, 1D

a=0

* Gives exactly the same result as TBA Luscher formula
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Topics not covered

AdS,/CFT; duality
— Type IIA strings on CP3 & ABJM model

Open string attached on Giant graviton
— Related to boundary integrability

With less supersymmetry
— Beta deformed theory

Higher-point correlation functions

Space-time scattering amplitudes
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