Bethe asked
"What is the Bethe ansatz?”
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ON THE THEORY OF METALS, I.
Eigenvalues and Eigenfunctions of a Linear Chain
of Atoms

biy H. Bethe in Home
(Dated 13 June, 1931 received 17 Jung, 1930

A method is given whereby the Zero-order eigenfunclions and first-crder
eigervalues (in the sense of the London-Heitler approrimation scheme) are
calculated for a one-dimensional "metal” consisting of a lingar chain of a
very large number of atoms, each of which has a single s-electron with
spin, ouiside closed shells. In addition to the spin waves of Bloch, bound
states are found, in which parallel spins are predominantly on nearest
neighbor atoms: these features may be important for the theory of
ferremagnetism.



Heisenberg Model

* 1D many-body Quantum Mechanics:

N

= — Z ?j?j_l_l — — i Z !O‘?G‘?_I_l—l—ﬂ' O'j_l_l-l‘O'jO'j_l_l]

0% =18 - -®lRr'QL®- Q1 : N 2N Matrix
. (01 y_ [0 —i . (1 0
’ _(1 o) “~\i o) 7 7{0 -1

« This Hamiltonian is very difficult to diagonalize
— Numerical Method : N =~30
— Perturbation theory : not applicable
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States

. i s i ~N
Hilbert space: dim= 2 ) = ( 1 ) = (

((:

)<

1
0

)

 Ground State :

— Ferromagnetic (J=>0):

0
1

)@(é)@(2)@---z|ﬂwﬂu--->,---}

NIATAVRRER

— Antiferromagnetic (J<0) : [ U1---) 4 ...

 Excited States :
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Many kinds of Bethe ansatz

Coordinate Bethe ansatz
Algebraic Bethe ansatz
Functional Bethe ansatz
Analytic Bethe ansatz
Asymptotic Bethe ansatz
Nested Bethe ansatz

| will concentrate on “Algebraic Bethe ansatz” since
It IS most general and powerful.
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6 vertex model

2D Statistical model on square lattice

Boltzmann Weights on each vertex

s S 4

Arrows Iinto a vertex = arrows out of a vertex
Symmetric under arrow inversion
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6 vertex model (cont’'d)

 Partitionfunction: z= > [ Ww IO
link=1,{} vertex =======
EEEEEEE

* Transfer matrix : | | =======

_‘,_| ————— S EEEEEE

e

Both ends are identified (PBC)

[ZzTr[TN]J

 Need to diagonalize T
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6 vertex model (cont’'d)

Relation to HM:

T'(u) = exp [z > u”Qn} , Q1= Hpwm

n=0

Spectral parameter u Is assigned on each row

“Integrability” : 5+et7H 2| 2 &= 5t

[Qn,Qm] =0 = [T(u),T(v)] =0

Condition for commuting transfer matrix is ...
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Yang-Baxter equation

* Boltzmann weights as matrix elements :

[a 0 0 0)

/ :
may=| = © Y @)
a

OCEO
\0 0 0 « )

+ P

Let us assume that W satisfies YBE
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A Solution of YBE

« Solution for Heisenberg model:

[a(u,fv) T I —— =@'J

* Transfer matrices commute - Integrable

2007-10-07
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Algebraic Bethe ansatz

 Monodromy Matrix :

A(u) :
B(u) :
C(u) :
D(u) :

=

uE———

w1
v S+
u B3

 Transfer matrix for the PBC
T'(u) = A(u) + D(u)
T(u) = U i 1 v S p—p—p—t———i=
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Algebraic Bethe ansatz (cont’d)

 Ferromagnetic vacuum state [ 4)

T Y

« Annihilation operator C(u)[JJy---§) =0

* Creation operator B(u)

1 E A
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Algebraic Bethe ansatz (cont’d)

. Construct a general state
(W (ug,---,upr)) = Bup)B(uz) - - - Blup) [V - - - 1))

%tﬁj e

o Act the transfer matrix
T(uw)|W(uy, - ,up)) = [A(w)+D(w)]B(u1)B(uz) - - - BCup) [V - - )

T(u) = u et 1+ u St
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YBE commutation relations

« We have seen that

H(u,v)D(v)B(u)+c(u,v)B(v)D(uw) = a(u,v)B(u)D(v)
Hu, v) A(v)B(uw)+c(u,v)B(v)A(uw) = a(u,v)B(u)A(v)

* Act A & D onthe state |'W> using CR
D(u)B(u1)B(up) -- B(HM)NUU )

D@)B(u;) = o Bu) D)= 3 B(u)D(w;)

 Many “unwanted terms” from A & D cancel each
other If the Bethe ansatz equation is satisfied
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Bethe ansatz Equation

* M coupled equations

i\NVN M
(HH?) =] T =1 m
45 = k_l%—‘uk—%
» Eigenvalues of Conserved charges
i U A i\ " 1
=i % |(w+3) —(u-3) ] B=12 oy
» Taking logarithm

=1

uj—l—% uj—up+t

Nlog( — — > log . - = 27il;
Uiy =3 k=1 '

— Intergers I’s are chosen such that total states are 2%V
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Ferromagnetic vacuum

 J>0: E Increases along with M

A

[

- 7 J ()

 “string” solution as N 2> : .
.

" n+1-—27. ) ¢

u.§)=u0-|— 5 Jz, j=1,...,n o

[ ]

" 1 n n
j; (ugn))z 41wt T wltg

* Low lying states are given by “long strings” rather
than real roots
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Antiferromagnetic vacuum

 J<O0: E decreases along with M
* Vacuum is given by maximum real roots M=N/2

-

» EXcited states : (ex) the first excited states

— Two Hole (spinon) state: spin Triplet
PP PP — v——J—- _:":.o—o _:::o—o—o—o—)

— Two Hole and one 2-string state: spin Singlet

2007-10-07
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Good! But so what? It is
just a toy model in
unrealistic one dimension

Hans Bethe (1906-2005)




HM is not a toy model

» Materials described by HM exist !

PHYSICAL REVIEW B VOLUME 48, NUMBER 17 1 NOVEMBER 1993-1

Muon-spin-rotation measurements in infinite-layer
and infinite-chain cuprate antiferromagnets: Cag ggSrp.14Cu0; and Sr;CuO;

A. Keren, L. P. Le, G. M. Luke, B. J. Sternlieb,* W. D. Wu, and Y. J. Uemura
Department of Physics, Columbia University, New York, New York 10027

C Mailean

Superc {oto-ku,

__gi;;of .zf:I /’

i%%* QH N

YBaCu,y0; SryCuly Cage5rg.Cul;

O

FIG. 1. Crystal structures of YBasCu3zO7, SroCuOs3, and
Cao.865r9.14Cu03. The exchange couplings along layers and
chains are emphasized by the solid lines.
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1D is not unrealistic

* There are many materials with effective one
dimensional structure (ex) Kondo effect
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Modern Application :
ZeF ASEEL EHO0|E
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AdS / CFT duality

» Type IIB superstrings on AdSs x S

dualto N =4 SU(N.) Super-Yang-Mills gauge
theory in 4d [Maldacena (1997)]
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N=4 super-Yang-Mills theory

» MR i
L — —Z uyF}uv = 5
 Yang-Mills theory : Ay = N¢ X No Matrix
Fuy = 0,Ay — 0yA, +ig[A,, A)]

1

I = —ZT]_‘ [Fqu'uv] — %; (Eaz - Baz)

o Supersymmetry : N=4 gauge supermultiplet
Apx2, @), a=1,...,4j=1,...,6

(E*-B%)  Fuy = 844y — 0vA,

1 1 P U
S = 2 f d* xTr {EFﬁv + (D, DY) - S, /)% + .. }
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Superstring on AdS background

» Type IIB superstrings on AdSsx S> is described by
a sigma model

R? - g5
S =— | drdo GEidS}ﬂﬂXmﬁaX” + G99, YY" + fermiﬂns]
o

 Full quantization is not understood
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AdS / CFT duality

« Parameter relations: [ A R2
8s =

& —=\/Z]

N, a’

with ‘t Hooft coupling A = N(;g2

* Free superstring theory corresponds to a planar
IMItof SYM 5 ', 0 = N, — oo with fixed A

« Quantitative check is tricky since it Iis a strong-weak
duality

— SYM perturbation for 1 << 1
— String perturbation for ¢/ <<1 = A1>>1
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Composite SYM operators

Composite operators :

O(x) = Tr | Fpx (D, @) .. |

Conformal dimension :

5mn
(Ou(x0m(O) = -

can be calculated by “renormalization group”
We will focus on a special sector :  x=o;+id,, v = o5 +ia,

(e [ XY e [ XNy | e [ XNty xe -y ] e | PV

Renormalization group mixes the composite
operators O. = 7"0,

2007-10-07
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Anomalous Dimension

» Conformal DimensionisA = N + vy
 Anomalous dimension is given by a matrix
dZ

I' = :
dlog A

* One-Loop perturbation theory : Heisenberg model
[Minahan & Zarembo]

A X b

/lN
= AN @ P -
221 o Y=1, X=|
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SYM Bethe ansatz

« Ferromagnetic vacuum :

G- ) = Tr | x|

* Two “magnon” state :

)+ ... =T YQXN—2+...]

N :
( 1+2) :ul T}{Q-I_?’: 1+2 with  u; = —u»o

2007-10-07 Colloquium at SNU (2007)
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String theory : BMN Limit

» Point-like string moving in AdSs x S
with very large angular momentum J >> 1

........ 0. s
" v

: : _ 2
« Effective action: s - ﬁfdfd@'[%(@ax‘)z— ;—/l(x"’)2+fermi0ns

* Energy : —J = Z 1+—Nn
— Exact for all orders =
— Agrees with BAEwhen \ << 1

2007-10-07 Colloquium at SNU (2007) 30




Non-perturbative SYM

* Conjecture for all-loop magnon energy

a h > 1+/m2
A J>>1 72
E=\/1 25m23
7T 2 \ p
\ J > 14+ " _sin?<
A<< 1 272 2

* Notice that higher conserved charges

2n-|—1
Qn = sin@sin”g = E= ) cn@Qn

n 2 n=odd
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All-Loop Bethe ansatz

* Conjecture 1 [Beisert & Staudacher]

(a:'"'(uj))N B bl Wy = Wy, 2= ¢

(e il B — W —

.’,Ui(u):a?(ujzg) with m(u)E%(u_|_\/ Q_W_);)

— Matches well with perturbative theories upto 3 loops
— Correction: Integrability and symmetry lead to

« Conjecture 2 [Beisert, Eden & Staudacher]

1 (u; N M U; — U 1
( ( j)) = ]I [U(“jfuk) : k+.]

;) k=1 U= U =4
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Large coupling limit-classical string limit

* In the classical string limit, the magnon energy Is

[FRTHC
E = \/1—|— Sin o ?Tsmz ‘

and identified with a classical soliton configtrration
called “Giant magnon” [Hoffman&Maldacena]

« “Bethe string” =>"Dyonic giant magnon” ’

v O

5@ — \/QQ + 2 sin2?
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M5 kU= /2T o] &

« String Bethe ansatz : SU(2) sector

1 (u; N M U; — U 1
( (3)) — T [g(ujjuk) j—ug+ ]

;) p=1 W — U — ¢

* All-loop Bethe ansatz for full sector PSU(2,2|4) are
known [Beisert]

* Non-perturbative Yang-Mills theory is one of the

most important problems in theoretical physics and
we are moving closer to the goal !
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Heisenberg Model is applicable to

Scale dependence of composite (Wilson) operators in
QCD

High energy (Regge) behavior of scattering amplitudes
In QCD

Related to 2D gquantum field theory like sine-Gordon
model, HM can describe

— Edge states in Fractional Quantum Hall
— Mott insulator and transitions
— Etc.

Related many other “integrable lattice models”
— XXZ (6vertex), XYZ (8 vertex), RSOS, ....

2007-10-07 Colloquium at SNU (2007) 35
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proud of what I started.

-2005)

Hans Bethe (1906




